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Introduction 


This thesis presents a study of the basic properties of the fractional s-perimeter 
and of the regularity theory of the corresponding s-minimal sets. 

The fractional s-perimeter arises naturally in nonlocal phase transition problems 
(e.g., as T-limit of a nonlocal version of the Ginzburg-Landau energy, |3S1) and 
the related notion of fractional mean curvature appears in nonlocal evolution 
equations for surfaces (e.g., in m and [HD- 

Given an open set C K” we can define the fractional s-perimeter of a 
measurable set E C M" in ft, with s G (0,1), as the functional 

Fs(E, n) := Cs{Enn,CEnn) + c,{e nn,CE\n) 

+ c,iE\n,CEnn), 

where 

for every couple of disjoint sets A, B CMA. 

We simply write P^{E) = P,{E,R^), when O = K". 

Formally, this coincides with 

Ps{E,^) = -([x£;]rv».i(R") - [xe\w‘’^{cq.)), 

where denotes the Gagliardo seminorm of u in the Sobolev space W^’^. 

We are neglecting the interactions coming from CXt because these might be 
infinite and in the end we are interested in the minimization of Ps{F, fl) among 
all sets F C M" with fixed ‘boundary data’ F \il = Eo\il, so they would not 
contribute to the minimization. 

The s-perimeter is a nonlocal functional in the sense that Ps{E,n) is not 
determined by the behavior of i? in a neighborhood of XI. 

Moreover, the s-perimeter can be thought of as a fractional perimeter, in 
the sense that Pg {E, XI) can be finite even when the Hausdorff dimension of dE 
is strictly bigger than n — 1 (see below for more details). 


Nonlocal Minimal Surfaces 

The main part of the thesis is devoted to the study of s-minimal sets and their 
regularity properties. We followed the paper [^, where s-minimal sets were 
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introduced and studied for the first time. In particular, we give full detailed 
proofs for all the Theorems of [H]. 

A set E C K" is s-minimal in if 

Ps{E, Vl) < Ps{F, fl) for every F C M” s.t. F \V. = E \ Q. 

Once we fix the exterior data Eq \ O, the existence of an s-minimal set E co¬ 
inciding with Eq outside O is obtained through the direct method of Calculus of 
Variations. Namely, a fractional Sobolev inequality guarantees the compactness 
of a minimizing sequence, while Fatou’s Lemma is enough to have the inferior 
semicontinuity. 

Then an interesting problem consists in studying the regularity of dE H O. 
This is done using techniques similar to those employed in the classical frame¬ 
work. 

As a first step we obtain uniform density estimates for s-minimal sets. 

An important consequence is the locally uniform convergence of minimizers, 
which is a fundamental tool in many proofs. 

Moreover the uniform density estimates guarantee a clean ball condition. 

To be more precise, this means that if E is s-minimal in 17 and x € dE, with 
Br(x) C 17, then there exist balls 

Bcriyi) C A n Br{x), Bcr{y2) CCECl Br{x), 
for some universal constant c. 


Euler-Lagrange Equation 


We prove that a set E which is s-minimal in ft satisfies the Euler-Lagrange 
equation 

I,[E]{x)=0, xedEnfl 


in the viscosity sense. Here Is[E](x) denotes the s-fractional mean curvature of 
dE in X, 


Is[E]{x) := P.V. 


XE{y) - xcE{y) j 

l^_y|n+s 


Roughly speaking, if we think that (xb — Xce){xo) = 0 for every xq G dE, the 
Euler-Lagrange equation can be thought of as 


i-^)HxE -Xce) =0 along dEnn, 


in the viscosity sense. 

This is quite a difficult and delicate result because of the many estimates 
involved. 

First of all we remark that we can define the fractional mean curvature only in 
the principal value sense, 

Is[E]{x) = hm Jf[A](x), IP[E]{x) := / 
since the integrand is not in L^. 

Moreover we need to require some sort of ‘cancellation’ between E and CE 
to guarantee that the limit exists. In particular, following [T], we show that 
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asking E to have both an interior and an exterior tangent paraboloid in a; G dE 
is enough. 

Since, a priori, we do not know anything about the regularity of the bound¬ 
ary of an s-minimal set, this explains why we obtain the equation only in the 
viscosity sense. 

Namely, we prove the following 

Theorem 0.1. Let E he s-minimal in the open set Q. If x € dEnLl and EnLl 
has an interior tangent ball at x, then 

limsupXf [£'](x) < 0. (1) 

5-s-O 


Similarly with exterior tangent balls. 

Therefore a first difficulty comes from the limit defining the principal value. 
To obtain the Euler-Lagrange equation, a natural thing to do would be to look, 
for example, at the ratios 

where the ‘perturbating’ set A is a small neighborhood of some point xq € dE. 
We can think for simplicity that A = Br{xo) C LI. 

Then we expect that letting |A| —>• 0 gives the Euler-Lagrange equation. 
Carrying out the computation of the ratio gives 
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f (j 

XE{y) - xciEuA){y)\ 

Ja\E Wb" 

\x - 2 /|"+® / 


Roughly speaking, since A \ {xq} as \A\ —>■ 0, we can think that the inner 
integral converges to the fractional mean curvature, while the outer integral 
‘disappears’ in the limit. 

However, carrying out all the estimates involved is really difficult, even when 
H is a ball, mainly because we can not control what sort of cancellation we have, 
if any, between E and C{E\J A) in the inner integral. Also, as remarked above, 
we do not even know if the fractional mean curvature at xq is well defined. 

Therefore to obtain inequality Q we consider a very particular kind of 
perturbation. 

Namely, we exploit the existence of an interior tangent ball B to define a 
small perturbating set, which is symmetric in an appropriate sense. 

Exploiting the symmetry of this construction, we can control all the error terms. 
We remark that, even for these particular perturbations, the estimates are really 
delicate. 


In any case we also prove, following m, that the fractional mean curvature 
gives the first variation of the fractional perimeter, at least when we consider 
regular sets. 

To be more precise, let A be a bounded open set with boundary. If 
<I>t : K" —> K” is a one-parameter family of C^-diffeomorphisms which is 
also in t and $0 = Id, then 


where cj){x) := 


t=o 


IdE 


Zs[E]{x)iyE{x) • (j){x) dV,^ ^(x), 


it=o* 
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Regularity 

The remaining part of the thesis is a careful study of the ‘basic’ regularity 
properties of dE. 

We remark that if E is s-minimal in then it is s-minimal also in every 
Q! C n. Thus, when we want to study the regularity of dE in the neighborhood 
of some point x € dE, using translations and dilations we can reduce to the 
case of a set E, which is s-minimal in Bi and s.t. 0 G dE. 

Improvement of Flatness 

One of the fundamental results is the following 

Theorem 0.2. Let a G (0, s). There exists eg = eo(n, s, a) > 0 s.t. if E is 
s-minimal in Bi, with 0 G dE and 

dEDBi C {\xn\ < Co}, 

then dE n i?i /2 is a (7^’“ surface. 

The proof (which is quite long and technical) relies on an improvement of flatness 
technique, in the style of De Giorgi. 

Roughly speaking the idea consists in showing that if dE is contained in some 
small cylinder, in a neighborhood of xq G dE, then in a smaller neighborhood 
it is actually contained in a flatter cylinder, up to a change of coordinates. 

Then a compactness argument shows that, if the height of the first cylinder 
is small enough, we can go on inductively, finding flatter and flatter cylinders. 

In the end, since we are controlling the oscillation of dE in smaller and 
smaller neighborhoods of a;oi "we obtain our regularity. 

Actually the proof is more delicate. Indeed, mainly because of the nonlocality 
of the fractional perimeter, we need to control also what happens far from our 
point xq. 


Monotonicity Formula 


The next step consists in proving a monotonicity formula for a ‘localized’ version 
of the fractional perimeter functional, obtained through an extension technique 
introduced in [lO] . 

To be more precise, let u := xe — Xce and consider the function u : —> 

K which solves 

r div(zi-"Vu) = 0 inK”+\ 

( u = u on {z = 0 }, 


where 

= {{x,z) G K"+i |a; G M”, z > 0}. 

Let a := 1 — s. We use capital letters, like X, to denote points in 

We remark that the first equation above is the Euler-Lagrange equation for 
the functional 

£{u)= [ 

We relate this energy to the fractional perimeter, showing in particular the 
following 
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Proposition 0.3. The set E is s-minimal in Bi if and only if the extension u 
ofu = XE- XCE satisfies 

[ [ \\/h\^z^dX, 

Jfin { z > o } ./nn{z>o} 

for all bounded open sets with Lipschitz boundary s.t. H { 2 : = 0} CC i?i 
and all functions v that equal u in a neighborhood of dTL and take the values ±1 

on SI n {z = 0}. 

Notice that asking v to take only the values ±1 on S7 n {2 = 0} corresponds 
to ask that v is of the form xf — Xcf, for some set F, on fl n {z = 0}. 

Roughly speaking, this means that using the extension u we can reduce the 
minimization problem of the fractional perimeter to a pde problem in 

Finally, exploiting the extension u of xe — Xce we can define the ‘localized’ 
energy we were looking for. 

To be more precise, if E is s-minimal in Bn we define the rescaled functional 

^Eir) := ^ for r € (0,i?). 

We remark that rescaling guarantees that $A£;(Ar) = $£;(r). 

The monotonicity formula then says that d>£;(r) is increasing. 

Blow-up and Cones 

The functional is a fundamental tool to study the regularity of dE. 

Indeed, exploiting the monotonicity formula, we can study the blow-up limit 
XE as A —>■ 00 , showing that it is a cone C, which is locally s-minimal in K". 
We call C a tangent cone. 

To be more precise, we prove that is constant if and only if u is homogeneous 
of degree 0. In particular, since the trace of u on {z = 0} is xe — Xce, this 
implies that F is a cone. Now suppose that A^F —)■ C. Exploiting the scaling 
property, we can prove that the functional $<7 is constant, so C is indeed a cone. 

Roughly speaking, considering the blow-up A^F corresponds to zooming in 
on a neighborhood of 0 G dE. 

If we see the boundary become flatter and flatter, tending to a plane, then 
dE must be C^’°‘ in a neighborhood of 0. 

Indeed, using Theorem |0.2| and the locally uniform convergence of minimiz- 
ers, we obtain the following 

Theorem 0.4. Let E C M” be s-minimal in Fi with 0 G dE. If E has a 
half-space as a tangent cone, then dE is a C^’°‘ surface in a neighborhood of 0. 

On the other hand, if C is not a half-space, our point is singular. 

Notice that if C is not a half-space, then dC is singular in 0. 

Singular Set 

The last part of the thesis studies the dimension of the singular set of dE, i.e. 
of the subset C dE n 11 of points having a singular cone as tangent cone. 
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Adapting the classical dimension reduction argument by Federer, we prove that 
the singular set has Hausdorff dimension at most n — 3. 

Theorem 0.5. Let E be s-minimal in Vi. Then 

= 0 for every d > n — 3. 

In particular we see that, as we would expect, dE n Vi has Hausdorff dimension 
at most n — 1, 

TT^idE n H) = 0 for every d>n-l. 

The idea of the dimension reduction argument is the following. 

Suppose that C C K" is a singular s-minimal cone, having a singularity also 
in some xq G dC, xq 0. Then, if we blow-up at xq we get another singular 
s-minimal cone C'. 

Now the delicate part consists in showing that C' = K x R (up to rotation). 
Then it is easily seen that also K C is a singular s-minimal cone. 

Proceeding inductively in this way we reduce the dimension of the ambient 
space until we end up with a singular s-minimal cone K C R^ , which is singular 
only in 0. Finally, since in |34j it is shown that there are no singular s-minimal 
cones in dimension 2, we obtain our estimate. 


Original Contributions 

In the thesis we study the asymptotics of the s-perimeter as s —>■ 1“, obtaining 
an original result which, in particular, improves a previous Theorem of El- 
To be more precise, we obtain the asymptotics for Ps{E,Vl), for any bounded 
open set VI with Lipschitz boundary, asking minimal regularity on E, namely 
we only require E to have finite (classical) perimeter in a neighborhood of Vi. 
On the other hand, the result obtained in m holds only when Vi = Bn is a ball 
and requires dE to be (7^’“. 

We provide an original example of a set which has finite s-perimeter for ev¬ 
ery s S (0, cr) and infinite perimeter for every s S (n, !)• To be more precise 
we consider the von Koch snowflake 5" C and we show that its Minkowski 
dimension coincides with the fractal dimension which can be defined using the 
fractional perimeter. 

We use a formula proved in |13j to prove in an original way that the frac¬ 
tional curvature is continuous with respect to (7^’“-convergence of sets. 

We also remark that we provide full details for all the proofs of [H]. In 
particular we added a lot of details to the proof of the Flatness Improvement. 

Asymptotics as s —)■ 1 

We state our result, then we sketch an explanation, but first we need to introduce 
some notation. 

We split the fractional perimeter in the following two parts 
P,{E, Vi) = P^{E, V) + P^^{E, V), 
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where 


p/'(i?,o) :=CsiEnn,CEnn) = 

p^^iE,n) := c,{E no,cp\ 17) + Cs{E\n,CEr\n). 

We can think of P^{E, 17) as the local contribution to the fractional perimeter, 
in the sense that it is determined by the behavior of E inside 17. 

Let 17 C M" be a bounded open set with Lipschitz boundary and let Jo 
denote the signed distance function from 17, negative inside. Define for any 
p GR with IpI small, the open set 

17p := {dn < p}- 

It can be shown that 17p has Lipschitz boundary for every \p\ < a, for some 
a > 0 small enough. Notice that 17p CC 17 when p < 0 and 17 CC 17p when 
p > 0. Also notice that for p > 0 

Np{dU) = Dp \ D_p = {-p <dF < p}, 

is an open tubular neighborhood of (?D. 

Our result is the following 

Theorem 0.6. Let D C K" be a bounded open set with Lipschitz boundary. 
Then 

(z) E C K" has finite perimeter in D if and only if Ps{E, ft) < oo for 
every s G (0,1), and 

liminf(l — s)P^{E, D) < oo. (2) 

S—>-1 

In this case we have 

lim(l - s)P/'(P,D) =u}n-iP(E,n). (3) 

s-fl 

(ii) Suppose that E has finite perimeter in Lip, for some 0 < /3 < a. Then 
limsup(l — s)Pj^^(if, D) < 2a;„_i lim P{E, Np{dLl)). (4) 

s-s-l P-J-0+ 

In particular, if P(E, dfl) = 0, then 

lim(l - s)P«(P, D) =cc„_iP(P,D). (5) 

S— )-l 

(Hi) Let E be as in (ii); then there exists a set S C (—a,/3), at most 
countable, s.t. 

lim(l - s)PfiE, Lis) = uJn.iP{E, Ltg), (6) 

s—>-1 

for every S G (—a, fi) \ S. 

In [14] the authors obtained point (hi) only for LI = Br a ball, asking 
regularity of dE in B^- They proved the convergence in every ball with 
r G (0, R) \ S, with S at most countable, exploiting uniform estimates. 

On the other hand, asking E to have finite perimeter in a neighborhood (as 
small as we want) of the open set LI is optimal. 
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Indeed ii E C MP is s.t. (§ holds true, then point (?) guarantees that E has 
finite perimeter in Qs- 

In [3] the authors studied the asymptotics as s —I in the F-convergence 
sense. In particular, for the proof of a F-limsup inequality, which is typically 
constructive and by density, they show that if 11 is a polyhedron, then 

iimsup(i-s)p,(n,ii) <r;p(n,ii) + 2r* lim p{n,Np{dn)), 

s-fl p->'0+ 

which is once we sum the local part of the perimeter. 

Their proof relies on the fact that 11 is a polyhedron to obtain the convergence 
of the local part of the perimeter, which is then used, like we do (see below), 
also in the estimate of the nonlocal part. Moreover to prove that the constant 
is r* = uin-i they need a delicate approximation result. 

They also prove, in particular 

r - liminf(l - s)P^(E, n) > ojn-iPiE, fl), 

which is a stronger result than our point (i). 

Our proof relies only on a convergence result by Davila which says, roughly 
speaking, 

(1 — s)[M]rv''a(n)- C!n[u\Bv{n)j 

when D is a bounded open set with Lipschitz boundary. 

In the thesis we explicitly compute the constant in an elementary way, show¬ 
ing that 

Cn = 2u;n-i = 2C^-\Bi), 

twice the volume of the (n — l)-dimensional unit ball Bi C 

Using this result we immediately get the convergence of the rescaled ‘local’ 
part of the fractional perimeter, ([^. 

Then we approximate the nonlocal part of the perimeter showing that 

Pf^{E, D) < 2P,^{E, Np{dn)) + 0(1), as s ^ 1. 

This gives (ii) and (Hi) is a simple consequence based on the fact that 

PiE,A) = n^-\d*E,A), 

for every A C K", where d* E denotes the reduced boundary of E. 

Now, if we ask P{E,VLp) < oo, the set of d S s.t. P{E,{dfi = d}) > 0 

can be at most countable, proving (in). 

We also provide an original example to show that condition ([^ is necessary. 
Namely, we construct a bounded set E C 'M. s.t. Ps{E) < oo for every s, but 
P{E) = oo. 

Von Koch Snowflake 

Before stating our result, we briefly define the Minkowski dimension in an in¬ 
formal way and we sketch the result obtained in [36j 
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Roughly speaking, to define the Minkowski dimension of a set F C K" in an 
open set C K", we consider the p-neighborhoods Np(r) and we look at the 
limits 


rrir 


lim 

p —^0 


|iVp(r) n n\ 


r e (0, n]. 


Then the dimension is defined as Dim 7 vi(r, Q) := inf{r | rrir = 0}. 

(we remark that a correct definition is much more delicate: we would have to 
consider the limsup and the liminf of the ratios, then look at the inf and sup of 
the quantities we obtain). 

As usual, when = K" we drop it in the formulas. 

Following [36], we can introduce a notion of fractal dimension by setting 


Dimi7’(c?A, n) := n — sup{s S (0,1) | Ps{E, ft) < oo}. 


whenever n is a bounded open set with Lipschitz boundary or = K". 

As shown in [36] . we can relate this dimension to the Minkowski dimension 
showing, roughly, the following. 

Suppose that A C K" is s.t. Dim^)^^,^) e [n — l,n). Then 

Ps{E,n)<oo for every s e (0, n — Dim^(9A, n)), (7) 


i.e. 

Dimp’(i9iil, n) < Dim^(9i5, fl). (8) 

It would be interesting to have also a lower bound on Dimi?’. 

To be more precise, Q guarantees that a set E can have finite s-perimeter 
even when the boundary dE is really irregular, at least for every s below some 
treshold a. However we do not know what happens above this treshold, when 
s > a. 

We provide an example of a set for which this treshold is sharp. 
Proposition 0.7. Let S' C be the von Koch snowflake. Then 

DimM{dS) = DimpidS) = ^ , 

log o 

P.(S)<oo, v.e(o. 2 -!g 

P,(S) = cc. 

To show that Dimi?(i9S) > Dim^(9S), we exploited the self-similarity of S 
and the scaling property of the fractional perimeter to prove that 

OO 

Ps{S) > ^ afc(s), 

k^l 

which is a divergent series precisely when s is bigger than 2 — . 

It is also worth noting that to find an exmple of a set E s.t. Dimj’(i9£l) > 
Dim^(3iil), we did not construct an ad hoc ‘pathological’ set. Indeed the von 
Koch snowflake is a quite classical and well known example of fractal set. 


i.e. 


and 
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Continuity of Fractional Curvature 

In [13] the authors proved a formula to compute the ‘local’ contribution to the 
fractional mean curvature Is[E]{x), when dE is a (7^’“ graph in a neighborhood 
of X, for some a> s. 

To be more precise, let Ki be the cylinder B[ x (—1,1) and suppose that 
cc = 0 and 


E\^Ki = {(x', Xn) e K" I x' e — 1 < x„ < m(x')}, 


for some u e s.t. u(0) = 0, Vu(0) = 0 and a > s. Then 


P.V. 



xsiy) - xcE{y) , 

- 




dt N dy' 

(1 + |y'|"+«-l' 


Exploiting this formula we prove that 

Proposition 0.8. Let E and Ek be bounded open sets with (7^’“ boundary for 
some a > 0 s.t. E^ — > E in (7^’“ and let Xk € dEi~, x G dE s.t. Xk — > x. 
Then 

Is[Ek]{xk)^T,[E]{x), (9) 

for every s G (0, a). 

In particular, if we ask regularity of the boundaries and the convergence to 
be in sense, this holds true for every s G (0,1). 

By (7^’“ convergence of sets we mean that our sets can locally be described 
as the graphs of functions which converge in (7^’“. 

We remark that this result is stated for (7^ convergence only, without a 
proof, in |15] . We provide an original proof and lower the requested regularity. 


Actually, if we are interested in the convergence only in the neighborhood 
of some point xq € dE, we can lower our regularity requests and still get the 
convergence of the curvatures. 

To be more precise, let E and Ek be defined in Ki as the subgraphs of u and 
Uk respectively, with 0 G dE and 0 G dEk (up to translations we can always 
reduce to this case). Then, using the formula above we get 

|Z,[£;](0) -X,[£;fe](0)| < C\\u - Ufc||ci.o(B;) + liEAEk) \ K,\. 

This shows that, if we are looking for convergence of the curvatures only in a 
fixed neighborhood 1/ of xq G dE, we need not ask C^’“ regularity for the whole 
boundaries. For example, we can ask Ek and E to be (7^’“ subgraphs in U and 
only ask them to be measurable in CU. Then we obtain by asking (7^’“ 
convergence of Ek to E in U and only convergence in measure in CU. 


A similar problem is studied also in m, where the author estimates the 
difference between the fractional mean curvature of a set E with (7^’“ boundary 
and that of the set <&(£’), where $ is a (7^’“ diffeomorphism of K". 

The estimates obtained there are much more precise than ours. 

However, as far as only convergence is considered, our result is more general in 
that the sets involved need not be diffeomorphic. 
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Moreover, as remarked above, our convergence is somewhat local, while the 
setting in m is global. Indeed, the author estimates the difference between the 
curvatures in terms of the (7°’“ norm of the Jacobian of the diffeomorphism $. 

Thus, even if we want the convergence of the curvatures only in a neigh¬ 
borhood U of xo, to use [H] we still need to ask (7^’“ regularity for the whole 
boundaries. 

We remark that in m the author studies also the stability of these estimates 
as s —)■ 1. 
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Notation 


• All sets and functions considered are assumed to be Lebesgue measurable. 

• We will usually write D^p to denote the distributional gradient of tp. 

We will write V(/9 when the gradient exists (at least) in the weak sense of 
Sobolev spaces. 

• We denote the fc-dimensional Lebesgue measure. 

In M" we will usually write \E\ = C^{E) for the n-dimensional Lebesgue 
measure of a set A C M". 

We write Ti,'^ for the d-dimensional Hausdorff measure, for any d> 0. 


• Equality and inclusions of sets will usually be considered in the measure 
sense, e.g. E = E will usually mean |AAF| = 0. 

• We define the dimensional constants 


Wd := 


d 

7r2 

r(f + i)’ 


d> 0. 


In particular, we remark that ook = C^{Bi) is the volume of the k- 
dimensional unit ball Bi C and kojk = is the surface 

area of the {k — l)-dimensional sphere 

S'^-i = = {x e I |x| = 1}. 
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Chapter 1 


Caccioppoli Sets 


1.1 Caccioppoli Sets 

In this section we recall the definitions and the main properties of i?ld-functions 
and of Caccioppoli sets. 

For all the details we refer to [27] , [29] and [30]. 

Definition 1.1. Let C K" be an open set. We say that / G L\^jyi) is a 
function of locally bounded variation in P if 


:= sup<^ / f div ipdx (pGCl{A,R'^),\(p\<l\ <oo, 


( 1 . 1 ) 


for every open set A CC P. We write BViod^) foi' f^e space of functions with 
locally bounded variation. 

If / G L^(P) and V{f, P) < oo, we say that / is a function of bounded variation 
in P and we write BV (P) for the space of such functions. 

By using Riesz representation Theorem, it is easy to see that a function u G 
locally bounded variation if and only if its distributional gradient 
Du = [Diu ,..., Dnu) is a vector valued Radon measure. Then 


div (fdx = — dDiU 

= - [ ip-ad\Du\, V(^G 
Jn 


for some cr : P —)■ M" s.t. |cr(y)| = 1 for |Z)u|—almost every y G P. 

Since \Du\ is a Radon measure on P, we can consider \Du\{A) for every 
A C P open (actually Borel), not necessarily bounded, and it is immediate to 
see that 

\Du\{A) = V{u, A) VA C P open. 

Moreover, if u G L^(P), then u G BV{D) if and only if Du is a vector valued 
Radon measure with finite total variation 


IDmKP) < 00. 
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The Sobolev space is contained in Indeed, for any u G 

the distributional derivative is VuC'^i.Vl and 

|-DM|(n) = / |Vm| dx < oo. 

Jn 

Notice that the inclusion is strict, as is shown by considering e.g. the Heavside 
function X[a,oo)- 

Since for every fixed vector field if G (7^(11,®") the mapping 


u I — > / u div f dx 

Jn 

is continuous in the topology, the functional 

V{;n):Ll,{n) [0,oo] 

is lower semicontinuous and hence in particular we have the following result. 
Proposition 1.2. Let {uk} C BV{Ll) s.t. Uk ^ u in Then 

P(u, n) < liminf |L)ufe|(n). (1-2) 

k—¥(X) 

Before giving the definitions of perimeter and Caccioppoli set, we recall the 
following useful approximation result. 

Proposition 1.3. Let u G BV{Lt). Then 3{t6fe} C C'°°(0) n BV{Ll) s.t. 

(i) Uk—> u, in L^{Ll), 

(ii) lim / \WUk\dx = \Du\{Ll). 
k^°°Jn 


We can define a norm by 


I|m||bv(o) := ||w||Li(n) + \Du\{^l.), 

which makes BV (O) a Banach space. 

Notice that for an approximating sequence we have 

lim \\uk\\BV{n) = l|u||Bv(n)> 


but we don’t have convergence in the BV-noim. 

Definition 1.4. We say that a set E C M" has locally finite perimeter in if 
Xe G BVioci^)- It has finite perimeter if xe G BV{Ll). 

A set E of locally finite perimeter in M" is called Caccioppoli set. 

The perimeter of ill in 11 is defined as 


p{E,n) ■.= \DxEm) = v{xE,n) 


= sup 



div fdx 


ipGCl{n,w^), 


< 1 


If n = M", we simply write P{E) = P{E^W^) for the perimeter. 


(1.3) 
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If _E is a Caccioppoli set, we write ve '■= <J for the function obtained in the 
polar decomposition of the Radon measure Dxe- Then for every bounded open 
set n C M" 

/ diY ipdx = - / Lp ■ VEd\DxE\, (1-4) 

J E Jn 

for all vector helds ip G C^i^, K"). This formula can be viewed as a generaliza¬ 
tion of the Gauss-Green formula, so the measure 

Dxe = ee\Dxe\ 

is sometimes called Gauss-Green measure. 

Unlike Sobolev spaces, the space BV (fl) contains the characteristic functions 
of all sufficiently regular sets. 

Indeed, consider a bounded open set E C M" with boundary dE. 

Let O be an open set; since E is bounded, |U n fl| < oo, i.e. xe G 

Now take a vector field tp G C^(0,IR") s.t. \‘p\ < 1. Then the classical Gauss- 

Green formula gives 


/ div ipdx = — (p ■ V dH^ = — p ■ v dlE' 

Je JdE JdEnn 

where v is the inner unit normal to dE, and hence 

P{E, n) < H’^-\dE n fl) < oo, 


so Xe G BV{n). 

Actually we have 

Dxe = vU^-^^dE (1.5) 

and 

p{E,n) = n'^-^{dEc^n). (i.e) 

This shows that the perimeter coincides with the (n— 1)—dimensional Haus- 
dorff measure, at least when the set is regular. 

However, unlike the Hausdorff measure, we have lower semicontinuity and 
compactness properties which make this definition of perimeter very useful when 
dealing with variational problems. 

For example, we can write the semicontinuity property for Caccioppoli sets as 

Proposition 1.5 (Semicontinuity). Let {Afe} he a sequence of Caccioppoli sets 
s.t. Ek E. Then for every LI C M" open (bounded or not) 

P{E,Vl) < limmiP{Ek,n). 

k—¥(X) 


By Ek E we mean the local convergence of sets in measure i.e. of their 
characteristic functions in L)q^(IR"). 

Since |x_e - X^l = Xeaf, this means 

\{EkAE) n K\0, 

for every compact set K C M". 

Moreover we have the following compactness property. 
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Proposition 1.6 (Compactness). Let {E}L\ he a sequence of Caccioppoli sets 
s.t. 

sup P{Ek,Ll) < c{Ll) < oo, 
keN 

for any bounded open set 12. Then there exists a Caccioppoli set E and a sub¬ 
sequence {Eki} of {Ek} s.t. 

Ek, E. 

Since P{E,Ll) = V{xe,^), we also have the following property. 

(Locality) The mapping E i—>■ P{E, 12) is local i.e. 

P{E,n) = P{F,n), whenever \{EAF) C 12| = 0, (1.7) 

(even if if P in measure outside 12). 

As we will see, this will not be true for the fractional perimeter. 

Actually, since the characteristic functions of the two sets are equal in 
equality is at the level of measures i.e. 


DxecLI = DxfcLI. 


As a consequence we can modify a Caccioppoli set with a set of negligi¬ 
ble Lebesgue measure without changing its perimeter. Therefore the notion of 
topological boundary is not very useful when dealing with Caccioppoli sets (as 
is shown by the example below) and we cannot expect formula (1.6) to hold for 
every Caccioppoli set. 


Example 1.7. Consider a bounded open set E C K" with boundary, as 
above; now let F := E U Q". Then \{EAF) C r2| = 0 for every f2 C K” open 
and hence Dxf = Dxe = v%'^~^cdE. However dF = M" \ E. 


1.2 Regularity of the Boundary 


We saw that we can modify a set of (locally) finite perimeter with a set of zero 
Lebesgue measure, making its topological boundary as big as we want, without 
changing its perimeter. For this reason one introduces measure theoretic notions 
of interior, exterior and boundary. We will see below that in some sense we can 
also minimize the size of the topological boundary. 

Definition 1.8. Let E C M". For every t G [0,1] define the set 


:= 


a; G M” 


3 lim 


I if n Br{x)\ 

UJnr^ 



( 1 . 8 ) 


of points density t of E. The sets E^^'> and if^^^ are respectively the measure 
theoretic exterior and interior of the set E. The set 


deE := K”\ (F;(°) UE^i)) 


(1.9) 


is the essential boundary of E. 
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Using the Lebesgue points Theorem for the characteristic function xe, we 
see that the limit in (1.8) exists for a.e. x G M" and 



1, a.e. X G E, 
0, a.e. X G CE. 


So 


I = 0, \CEAE^°'> 1 = 0 and \deE\ = 0. 


In particular every set E is equivalent to its measure theoretic interior. Notice 
that E^^'i in general is not open. 

Recall that the support of a Radon measure /x on M" is defined as the set 

supp /X := {x S K" I n{Br{x)) > 0 for every r > 0}. 

Notice that, being the complementary of the union of all open sets of measure 
zero, it is a closed set. In particular, if U is a Caccioppoli set, we have 

supp \Dxe\ = {a: € K" I P{E,Br{x)) > 0 for every r > 0}. 

Definition 1.9. The reduced boundary of a Caccioppoli set E is the set 



( 1 . 10 ) 


The function ve ■ d* E — > S” ^ is called measure theoretic inner unit normal 


to E. 


Notice that the function ve is (by definition) the Radon-Nikodym derivative 


dDxE 


d\DxE[ 


Since \Dxe\{^^ \ d*E) = 0, we have 

\Dxe\ = \DxEWd*E and Dxe = EE\E)XEWd*E. 

As the following Theorem shows, the reduced boundary of a Caccioppoli set 
is quite regular and allows us to generalize in some sense formula (1.6). 

Theorem 1.10 (De Giorgi). Let E C K" be a Caccioppoli set. Then 

(i) The reduced boundary d*E is locally (n—l)-rectifiable and its approximate 
tangent plane at x is normal to ve{x) for -a.e. x G d*E. 

(it) \Dxe\ = Tr-^cd*E and Dxe = VETr~^cd*E. 

(Hi) We have the following Gauss-Green formula 




( 1 . 11 ) 


The following Proposition shows the relation between the essential and the 
reduced boundary. 

Proposition 1.11. Let E C K" be a Caccioppoli set. Then 


d*E C C deE, 


and 


n'^-\deE\d*E) = 0 . 


( 1 . 12 ) 
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In particular we can as well take the essential boundary in the Gauss-Green 
formula or when calculating the perimeter. 

Actually we have also the following characterization 

Theorem 1.12. A set E C K" is a Caccioppoli set if and only if 

n^-\deEnK) < oo, 


for every K C K” compact. 

Remark 1.13. In particular this implies that any bounded open set with Lip- 
schitz boundary has finite perimeter. 

We have yet another natural way to define a measure theoretic boundary. 

Definition 1.14. Let E C K" and define the sets 

El := {a; G K" I 3r > 0, \E n Br{x)\ = w„r"}, 

Eo := {a; G K” |3r > 0, \E n Brix)\ = 0}. 

Then we define 

d-E ■.= R^\{EoUEi) 

= {a; G K" I 0 < \Er] Br{x)\ < a;„r" for every r > 0}. 


Notice that Eq and Ei are open sets and hence d E is closed. Moreover, 
since 

EoCE^°'> and Ei C E^^\ (1.13) 

we have 

deE c d-E. 


We have 

F c K” s.t. |FAF| =0 ^ d-E c dF. (1.14) 

Indeed, if |FAF| = 0, then \E n Br.{x)\ = \E Cl Br{x)\ for every r > 0. In 
particular for any x G we have 


0 < |F n Br{x)\ < OJnr^, 


which implies 

F n Br{x) 0 and CF n Br{x) 0 for every r > 0, 


and hence x G dF. 

In particular, d-E C dE. 
Moreover 


d-E = dE^^\ 


(1.15) 


Indeed, since \EAE^^^\ = 0, we already know that d E C dE^^'> and the con¬ 
verse inclusion is clear from (1.131. 

From ( 1.14[ ) and ( |1.15[ ) we see that 

d-E= Pi dF, 

F^E 
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where the intersection is taken over all sets F C K" s.t. \EAF\ = 0, so we can 
think of d~ E as a, way to minimize the size of the topological boundary of E. 
In particular 


F c K” s.t. |FAF| =0 ^ d-F = d-E. 

If F is a Caccioppoli set, then it is easy to verify that 
d~E = supp \Dxe\ = d*E. 

However notice that in general the inclusions 

d*E c deE c d-E c dE 
are all strict and in principle we could have 

n'^-\d-E\d*E) > 0 . 

Remark 1.15. Let E C K". From what we have seen above, up to modifying 
F on a set of measure zero, we can assume that 

El C F, F n Fq = 0 

(1.16) 

and dE = d-E = {xGM.'^\0<\EnBr{x)\<uJr,r'^,yr>0}. 

We will make this assumption in later chapters. 


1.3 Minimal Surfaces 


In this section we recall the definition of minimal surfaces and we present the 
sketch of a proof due to Savin for the regularity of their reduced boundary. 
The classical proof relies on the monotonicity formula and the approximation 
of a minimal surface with appropriate harmonic functions. The proof by Savin 
makes use of viscosity solutions and a suitable Harnack inequality, which allows 
to prove an improvement of flatness Theorem; from this one easily obtains 
regularity (and hence also smoothness) of the reduced boundary of a minimal 
surface. 

In this section we suppose that every set satisfies (1.16). In particular every 
Caccioppoli set F satisfies 


dE = d E = supp \Dxe\- 

Definition 1.16. Let H C K" be a bounded open set. We say that a Caccioppoli 
set F has minimal perimeter in H, or that dE is a minimal surface in 12, if it 
has minimal perimeter among the sets which agree with F outside a compact 
subset of 12, i.e. 

F(F, 12) < P(F, 12), (1.17) 

for every Caccioppoli set F s.t. FAF CC 12. 

If 12 is not bounded, in particular if 12 = K", we say that F has minimal 
perimeter in 12 if the above inequality holds for every bounded open subset 
12' C 12 s.t. FAF CC 12'. 
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Using the compactness and semicontinuity theorems, it is immediate to get 
the existence of minimal surfaces, via the direct method of Calculus of Variation. 

Proposition 1.17. Let LI C K" be a bounded open set and fix a set Eq of finite 
perimeter. Then there exists a set of finite perimeter E s.t. E = Eq in CLl and 


P{E) = inf{P(F) \E\n = Eo\n}. 


(1.18) 


The problem of finding a minimal set as in ( 1.18[ ) is known as the Plateau 
problem. Since the perimeter is local, it is quite clear that the behavior of the 
set Eq far from LI doesn’t matter. Roughly speaking Eq has the role of boundary 
data and we want to find the surface which minimizes the area among all surfaces 
having as boundary OEq n dLl. 


Remark 1.18. Notice that a set solving the Plateau problem (1.181 has minimal 
perimeter in Ll. 


Now there are two main problems: to show that the reduced boundary of 
a set of minimal perimeter is actually smooth and to understand how big the 
singular set dE \d*E can be. 


First of all notice that if E has minimal perimeter in U, then XE has minimal 
perimeter in XLl for every A > 0 thanks to the scaling of the perimeter. 
Moreover if E has minimal perimeter in Ll, then it has minimal perimeter also 
in every Ll' G Ll open. 

Indeed, let P be a Caccioppoli set s.t. EAF CC Ll'. Then also EAF CC Ll 
and 


P{E, Ll') + P{E, Ll\Ll')= P{E, Ll) 

< P{F, Ll) = P{F, Ll') + P{F, Ll \ Ll') 

= P{F,Ll') + P{E,Ll\Ll'). 

In particular when we want to study the regularity of a point x G dE, using 
translations and dilations we can reduce to the study of a set E of minimal 
perimeter in Bi s.t. 0 G dE. 

Using the isoperimetric inequality we can obtain the following uniform den¬ 
sity estimates 

Proposition 1.19. Let E be a set of minimal perimeter in Bi s.t. 0 G dBi. 
There exists a constant c = c{n) >0 s.t. for every r G (0,1) we have 

\EGBr\>cr'', \CEGBr\>cr'^. 

These and similar estimates holding for the perimeter instead of the Lebesgue 
measure yield the first regularity result for minimal surfaces. 

Proposition 1.20. If E is a set of minimal perimeter in Ll, then 

n'^-^iidE\d*E)nLl) =0. 


Moreover we have the following compactness property 






Proposition 1.21. Let {-Efc} be a sequence of sets of minimal perimeter in 
LI. Then there exists a subsequence {Ek^} converging to a set E of minimal 
perimeter in LI 

Ek, E. 

Actually using the uniform estimates above we can show that the minimal 
surfaces dEk converge in Hausdorff sense to dE on any compact subset of LI, 
i.e. for every e > 0 the surfaces dEk lie in an e-neighborhood of dE for every k 
big enough (inside a compact subset of id) 

The case which interests us the most is the following. Let if be a set of 
minimal perimeter in Bi s.t. 0 € dE and consider the blow-ups 

Ej. := {a; G M" I rx G if} = -if, 

r 


for r —> 0. 

As remarked above, these are sets of minimal perimeter in Br, and hence also 
in ill, if r < 1. 

The compactness property implies that we can find a sequence —)■ 0 s.t. 


Er 


E^ 


for a set ifoo of minimal perimeter in Bi. 

Actually the set ifoo has minimal perimeter in M" and it is easily seen that it 
is a cone i.e. there exists a set A s.t. 


ifoo = {tx 11 > 0, X G A}. 


The set ifoo is called tangent cone to E at 0. We say that it is a singular cone 
if it is not a half-space. 

If the point 0 belongs to the reduced boundary of if, 0 G d*E, then the blow-up 
limit is actually the approximate tangent plane at 0, 

dE^=H{0) = M0)^, 

= iJ-(O) = {x G M” I X • ve{Q) < 0}. 


Remark 1.22. This is true for a general Caccioppoli set if, not necessarily of 
minimal perimeter. Let x € d*E] up to translation we can suppose x = 0 G d*E. 
Then 

Er^H-{0), asr^O. 


Also notice that 0 G dEr for every r > 0. Roughly speaking we are zooming 
in on 0 and if it is a regular point, then we see the boundary of E becoming 
flatter and flatter, untill it becomes a plane. 

Up to rotation we can suppose nsiO) = e„, so that 


ii-(O) = {x G M" |x„ < 0}. 


As remarked above we see that if E is of minimal perimeter in Bi and 0 G dE 
is s.t. ifoo = {xn < 0} (in particular if 0 G d*E), then for every e > 0 


dEr n Ri C {x G M" I |x„| < ej. 
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for r small enough. 

The fundamental result for the regularity of a minimal surface is the following 
flatness Theorem 

Theorem 1.23 (De Giorgi). Let E be a set of minimal perimeter in Bi with 
0 e dE s.t. 

dEnBiC{\xn\<eo}, (1.19) 

where eo = eo{n) > 0 is a small constant depending only on n. Then dE is an 
analytic surface in i?i/ 2 . 

It is clear from the discussion above that we can apply this Theorem to every 
point X € dE H 11 of a surface of minimal perimeter in 11 which has as blow-up 
limit a half-space. 

Indeed let x be such a point; after translation we can suppose that x = 0. Then 
for r small enough the set Er satisfies the hypothesis of the Theorem, so scaling 
back we see that dE is an analytic surface in 5^/2- 

Also notice that every such point x must belong to the reduced boundary of E, 
since dE is smooth in a neighborhood of x. 

This implies that the reduced boundary d* EDLl oi a. set of minimal perimeter 
in n is an analytic surface and the singular set {dE \ d*E) n H coincides with 
the set of points of dE H 11 having as blow-up limit a singular minimal cone. 
Notice that such a cone must indeed be singular (at least) in 0 by construction. 

A result of Simons shows that in dimension n < 7 the only global minimal 
surfaces are planes. Since there cannot be singular minimal cones, then the 
singular set is empty if n < 7. 

Moreover, using a dimension reduction argument, Federer proved that in 
dimension n > 8 the singular set can have Hausdorff dimension at most equal 
to n — 8. Also notice that there exist examples of minimal sets for which this 
estimate is sharp. To sum up, we have 

Theorem 1.24. Let H C K" be a bounded open set. If E is a set of minimal 
perimeter in H, then d*E is an analytic hypersurface, which is relatively 

open in dEf] H. Moreover the singular set {dE\ d*E)nLl satisfies the following 
properties: 

(i) if 2 < n < 7, then {dE \ d*E) n H = 0, 

(ii) if n = 8, then (dE \ d*E) H H has no accumulation points, 

(Hi) ifn>9, then T-T^{{dE \ d*E) n H) = 0 for every s > n — 8. 

There exists a perimeter minimizer E in K® s.t. TL^[dE\d*E) = 1 and if n > 9 
there exists a perimeter minimizer E in M" s.t. TE~^{dE \ d*E) = oo. 

The main difficulty in proving Theorem |1.23| is the fact that a priori dE 
cannot be written as a graph. 

Define for every r > 0 the cylinder 

Cr ■■= B( X (-r,r) = {(x',Xn} G K” | \x'\ < r, \xn\ < r}. 

Now let il be a surface of minimal perimeter in Ci, with 0 G dE. Suppose 
that dE is the graph of a Lipschitz function u : B[ —K, with it(0) = 0 and 
Lip(u) = 1, i.e. 

dEnCi= {(x', u{x')) G M" I G B[} 
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and that E is the subgraph of u 


Ef^Cl = {(cc', Xn) \ x’ & —1 < Xn < u{x’)}. 


Then for every Borel set A G B'^ the perimeter of E is computed as 


P(E,CiGp-^A) = A{u,A) := [ + \\7'u{x')\^ dx', 

J A 

where p : K” —^ (x',Xn) !->■ x'. 

It is easily seen that since is a perimeter minimizer in Ci, then it is a 
local minimizer of the area functional .4(-, i?^), meaning that for every compact 
subset K C B[ there exists e > 0 s.t. 

A{u, B[) < A{u + ip, B[), 


for every p G C^{B[) with supp tp C K and \ip\ < e. 

Moreover it is a Lipschitz local minimizer for the area functional A{-, B[) if and 
only if 


V'm(x') 


Ib[ ^1 + \W'u{x')\^ 


■ V'ip{x') dx' = 0, 


for every ip G C^(B^) i.e. if and only if it is a weak solution in B'^ of the 
Euler-Lagrange equation 


div 


V'lt 


Vl + |V'u|2 


= 0 , 


( 1 . 20 ) 


which is the so called minimal surface equation. 

Notice that this equation expresses in local coordinates the vanishing of the 
mean curvature of the hypersurface dE n Ci, defined as the graph of u over B[. 

Moreover notice that once we prove that u G C^’'^(B{), then classical boot¬ 
strapping arguments of the elliptic regularity theory imply that it actually is 
analytic. 


As we said earlier the problem is that we do not know if dE can be written 
as a graph. 

In any case it is proved in [8] that if A is a set of minimal perimeter in Bi, then 
dE n i?i is a viscosity solution of equation (1.201. 

Definition 1.25. The boundary dE of a set E satisfies the minimal surface 
equation (1.201 in the viscosity sense if for every smooth function ip which has 
the subgraph 

S = {xn < ipix')} 

included in A or in CA in a small ball Br{y) centered in some point 

y GdSOdE 


we have 


div 


vv 


Vi + IvvP 


< 0 , 


and if we consider supergraphs then the opposite inequality holds. 
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This means that if we touch the boundary dE with the graph of a smooth 
function from the inside (outside) of E, then the corresponding inequality holds. 
For some details about viscosity solutions see the Appendix. 

Now the idea is to adapt the methods used in the proof of the Harnack inequality 
for viscosity solutions (see Theorem A. 10 in Appendix A) in order to get the 
following 


Theorem 1.26 (Harnack inequality). Let E be a set of minimal perimeter in 
Bi s.t. Os dE and 

dEDBi C {\xn\ < e}, 

with e < €o(n). Then 


dE n Bi/2 C {\xn\ < (1 - ??)e}, 

where r] > 0 is a small universal constant. 

Then, arguing by contradiction, we obtain the following improvement of flatness 
Theorem for dE 

Theorem 1.27 (Improvement of flatness). Let E he a set of minimal perimeter 
in Bi s.t. Os dE and 

dEnBi C {|a:„| < e}, 

with e < eo(n). Then there exists ui S s.t. 

dE n Bro C ^\x ■ vi\ < ^ro'j , (1.21) 

where vq is a small universal constant. 

Roughly speaking this means that once we know that dE in a neighborhood 
of 0 is contained in a cylinder of small heigth, then in a smaller neighborhood 
it is actually contained in a flatter cylinder, up to changing the coordinates. 
Applying this Theorem inductively one can then show that dE is actually a 
(jT.,a g]-ap]^ jn B 3/4 and hence, as remarked above, it is analytic. 

We conclude this section recalling the monotonicity formula, since we will 
later need to find an analogue for fractional perimeters. 

Theorem 1.28 (Monotonicity Formula). Let E be a set of minimal perimeter 
in LL and let Xq S dE H LI. Then the density ratios 

P{E,Brixo)) 


are increasing for r S (0, d{xQ, i9H)). 

Notice that if if is a cone, then the above ratio is constant. 
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Chapter 2 

Fractional Perimeter 


2.1 Fractional Sobolev Spaces 


We recall (see [5D]) the definition of fractional Sobolev space and some embed¬ 
ding properties which will be used in the sequel. 

Definition 2.1. Let fl C K" be an open set and fix p G [1, oo), s G (0,1). Then 
we define the fractional Sobolev space 


W^’P(fl) := K G LP(fi) 


a JQ 


lu(x)-u(t/)lP 

■ Ix^ yjn+sp ' 


dxdy < OO 


The term 


Mrv'>.p(a) 



\u{x)-u{y)\P 
\x - yl^+’^P 



1 

P 


is called Gagliardo seminorm of u. 


Endowed with the norm 


1 



W^’P{fl) is a Banach space. 

When p = 2, we write for the Hilbert space W®’^(r2). 

For a fixed p, the fractional Sobolev spaces are intermediate between 
and as is shown by the following Propositions. 

Proposition 2.2. Let H C ffi" be an open set and let p G [l,oo), 0 < s < t < 1. 
Then 3C = C{n, s,p) > 1 s.t. for every measurable u : Ll —> IR 


l|w|| < C||u||H^t,p(Q). 

In particular we have the continuous embedding 

In order to prove the embedding IT^’^(H) ^ we need to impose 

some regularity condition on the boundary of H, because in the proof we make 
use of an extension property. 
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To be more precise, we say that an open set C K" is an extension domain 
for if dC = C(s,p, ri) > 0 s.t. for every u € there exists u G 

with M|o = u and ||{t||, 4 /s,p(R™) < C'||M||vi/».p(n)- 
We say that fl is an extension domain if it is an extension domain for 
for every p G [l,oo) and s G (0,1). It can be proved that any open set ft with 
bounded boundary is an extension domain (see [50] for a proof and a 
counterexample). We consider M” itself as an extension domain (for terminology 
semplicity). 

Proposition 2.3. Let ft C M" be an extension domain and let p G [l,oo), 
0 < s < 1. Then = C(n, s,p) > 1 s.t. for every measurable u : Q, —> K 

||w||rv=.p(n) < C\\u\\w^,p{Q)- 

In particular we have the eontinuous embedding 

W^’Pin) ^ 

We have the following Sobolev-type inequality. 

Theorem 2.4. Let p G [l,oo) and 0 < s < 1 s.t. sp < n. Then 3C = 
C{n,s,p) > 0 s.t. for every measurable u : K" —> K with compact support we 
have 

< C £ £ = CHf,...,..,,, ( 2 . 1 ) 

where p* = is the fractional critical exponent. 

As a consequence, using Holder inequality we get the following embeddings. 

Corollary 2.5. Let p G [l,oo) and 0 < s < 1 s.t. sp < n. Then we have the 
eontinuous embedding 

W'^’^(]R") ^ L'*(K"’), for every q e [p,p*]. 

Exploiting the extension property and the above results, we find 

Theorem 2.6. Let LI C M" be an extension domain and letp G [1, oo), s G (0,1) 
s.t. sp < n. Then 3C = C{s,p, fl) > 0 s.t. for every u G 

||u||L‘i(n) < C'||M||w'>.p(a), for every q G [p,p*], (2.2) 

i.e. we have the continuous embedding 

W®’^(f2) ^ L'^{n), for every q G [p,p*]. 

Moreover, if H is bounded, then 

W®’^(r2) ^ L‘^{L1), for every q G [1,P*]. 

Actually in a bounded extension domain the embedding is compact, except 
the case of the critical exponent. 

Theorem 2.7. Let LI C K” be a bounded extension domain and letp G [l,oo), 
s € (0,1) s.t. sp < n. Then we have the compact embedding 

W''^’P{Ll) A'^(f2), for every q G [l,p*). 
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2.2 Fractional Perimeter 


First of all we fix an index s G (0,1). 

Now for every couple of disjoint sets E, F C . 


Cs{E,F) := 


1 


eJf |x-y|"+^ 


dx dy = 


" we define the functional 

XE{x)xF{y) 


'-y\ 


n+s 


■dxdy. (2-3) 


Definition 2.8. Let XI C M" be an open set. Then for every E C M" we define 
the fractional s-perimeter of if in as 


Ps{E,XV) ■= Ls{E nn,CE) + Ls{E\Xl,CEnXV). (2.4) 

If = M", then we write Ps{E) := Ps{E,W^) for the (global) s-perimeter of E. 
Notice that, if if C O, then if \ fi = 0 and if n O = if , so 


Ps{E,n) = Cs{E,CE) = Ps{E). (2.5) 


Moreover 


£s{E,CE) 


1 




dx dy 


E JCE \x — y\' 

f \xEix) - XEiy)\ 


'-y\ 


n+s 


dxdy = - [xe]w--x 


Remark 2.9. Since \xe{x) — XE{y)\^ = \xe{x) — Xsiy)], we could as well 
consider the norm, with t = -. For this reason in the literature the index 
u G (0, i) is sometimes used in place of s. In the sequel we will consider the 
index s G (0,1) and dehne cr := | € (0, j), which is the natural index when 
considering iJ'^ norms. 


For a general open set XI C M” we can split the s-perimeter in the three 
terms 


Ps{E,Xl) =Cs{Ef^Xl,CEf^X^)+Cs{Ef^Xl,CE\X^)ECs{E\Xl,CEf^X^), 
and regroup them as 

Pt{E,Xl) ■.= Cs{EC^Xl,CEC^Xl) = ^[xE]w^.xn), 

P^^iE, XI) := CsiE nXl,CE\X})+ C^iE \Xl,CEn XI). 

The term P^{E,Xl) can be considered as the local contribution to the frac¬ 
tional perimeter of if in fl in the sense that, given two sets E, F C M" s.t. 
|(if AF) n f2| = 0, we clearly have P^{E, XI) = Pg{F, XI). 

However if j(FAF) n CH| > 0, then (in general) we will have Ps{E,Xl) yf 
Ps{F,Xl), unlike what happens with the classical perimeter. 

This means that the fractional perimeter is nonlocal. 

In the following Proposition we collect some elementary properties of the 
s-perimeter. 
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Proposition 2.10. Let s G (0,1) and 12 C M" open. 

(i) (Subadditivity) Let E, F C M" s.t. \E D F\ = 0. Then 

PsiEUF,n)<PsiE,n)+Ps{F,il). ( 2 . 6 ) 

(ii) (Translation invarianee) Let E C M" and x G M”. Then 

PsiE+ x,n + x) = PsiE,n). (2.7) 

(Hi) (Rotation invariance) Let E C M" and TZ G SO(n) a rotation. Then 

Ps{nE,nLi) = Ps{E,n). ( 2 . 8 ) 

(iv) (Scaling) Let E C M" and A > 0. Then 


Ps{XE,X^}) = X'^-^Ps{E,^}). 


(2.9) 


Proof, (i) follows from the following observations. Let Ai, A 2 , B C M". If 
\Ai n A 2 I = 0 , then 


CsiAiUA 2 ,B)= f f 

J A 1 UA 2 J E 


dx dy 

X — y\n+s 

dx dy 


dx dy 


7b k - 7 a, 7b la; - 2/1"+^ 

= Cs{Ai, B) + Cs{A2, B). 


Moreover 

A 1 CA 2 £,(Ai,B)<£,(A2 ,B), (2.10) 

and 

£siA,B)=£siB,A). 

Therefore 

Ps{E UF,n)= £,i{E UF)n n,C{E U F)) + £s{{E U F) \ n,C{E U F) n 12) 
= £s{Er\ n,C{E U F)) +£,{Fn O, C{E U F)) 

+ £siE \ n,C{E U F) n 12) + £s{F \ 12,C(F U F) n 12) 

< /:s(Fni2,CF) + /:^(Fni2,CF) 

+ £siE \ 12, CF n 12) + £s{F \ 12,CF n 12) 

= F,(F,12)+F,(F,12). 


(ii), (iii) and (iv) follow simply by a change of variables in £s and the fol¬ 
lowing observations: 


(x Ai^ n (x A 2 ^ — X Ai n AI 2 , X CA — C(x j4), 
nAinnA2 = n{AinA2), n{CA)=c{nA), 

(AAi) n {XA 2 ) = A(Ai n A 2 ), X{CA) = C{XA). 


For example, for claim (iv) we have 


£s{XA, XB) 


I\AJ\B 


dx dy 

\x - y\ 


n+s 


= X'^-^£s{A,B). 



X^dy 


A”+«|x 


y|n+s 
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Then 


Ps{XE, xn) = Cs{XE n xn,c{XE)) + Cs{xe n c{xn),c{XE) n xn) 

= CsiX{E n 17), XCE) + C,iX{E \ 17), X{CE n 17)) 

= A”-® {c,iE n n,CE) + Cs{E \n,CEn 17)) 

= x^-^Ps{E,n). 


□ 

Now a natural question is: what kind of sets (if any) have finite fractional 
perimeter? 

The following embedding implies that any set with finite perimeter has also 
finite s-perimeter for any s S (0,1). 

Proposition 2.11. Let 17 C ffi" be an extension domain and let s G (0,1). 
Then 3C = C{n, s) > 1 s.t. for every measurable u : 17 —> K 

lkllw'’.i(a) < C (||u||z,i(n) + V{u, 17)) = C'||M||By(n)- (2-11) 

In particular we have the continuous embedding 

W(17) TT">i(17). 

Proof. The claim is trivially satisfied if the right hand side is infinite, so let 
u G BV (17) .We only need to check that the Gagliardo seminorm of u is bounded 
by its BV-noim.. 

Since 17 is an extension domain, we know that 3C = C{n, s) > 1 s.t. 


< Clkllwcqn). 


Take an approximating sequence {uk} C C'°°(17) n i?F(17) as in Proposition 1.3 
Then 

[wfc]iv=.i(a) < ||wfc||iv=.i(n) < C'HufcHwcqn) = C\\uk\\BV{n), 


for each k gN. 

Now using Patou’s Lemma we get 


Mvyo.qa) < liminf[ufc]vi/«.i(n) < Climinf ||Mfc||By(o) = C lim ||Mfc||BV(a) 

fe—>.oo fc—>00 fc—>oo 

= C'IImIIbV(O) 


and hence the claim. 


□ 


Remark 2.12. In particular we have 

W^’i(17) c Ry(17) c Pi VP"’1(17) 

sG(0,l) 

and we know that the first inclusion is strict. We will show below that (in 
general) the second inclusion is strict too. 

As a consequence, since Ps{E) = 5 [x£;]w'’-TR")j we have 
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Corollary 2.13. Let E C M" he a set of finite perimeter i.e. xe & BVlML). 
Then E has finite s-perimeter for every s € (0,1). 

Acually, in case E is bounded we can say more. 

Theorem 2.14. Let E C M" be bounded. Then the following are equivalent: 

(i) E has finite perimeter, 

(a) E has finite s-perimeter for every s S (0,1) and 
liminf(l — s)Ps{E) < oo, 

S—>-1 

(Hi) 3{sfc} C (0,1), Sk 1 s.t. E has finite Sk-perimeter for each fc € N and 

sup(l - Sk)Psk{E) < oo. 
km 

Moreover in this case we have 


\imil - s)Ps{E) = cVn-iPiE). 


( 2 . 12 ) 


This is a consequence of the following results (see [5] and m) 

Theorem 2.15 (Bourgain, Brezis, Mironescu). LetLl C K" be a smooth bounded 
domain. Let u G L^{fl). Then u G BVILI) if and only if 


lim inf 

JnJn 


and then 


Ci\Du\{Ll) < lim inf [ [ 
jQJn 


\u{x) - u{y)\ 

\x - y\ 

u{x) - u{y)\ 


Pn{x - y) dxdy < oo, 


< lim sup 

n-^-oo jQjfl 


\x - y\ 

|u(a;) - u{y)\ 


Pn{x - y) dxdy 


(2.13) 


Pn{x - y) dxdy < C 2 \Du\{n), 


\x-y\ 

for some constants Ci, C 2 depending only on LI. 

This result was refined by Davila 

R” be a bounded open set with Lipschitz 


Theorem 2.16 (Davila). Let LI C 
boundary. Let u G BV(Ll). Then 


lim 

Jn 


\u{x) - u{y)\ 

\x-y\ 


Pk{x - y) dxdy = Ki^ri\Du\{Ll), 


(2.14) 


where 


K.n = 


— / 

ntOn Jsn-1 


|u • e| da{v), 


with e G M" any unit vector. 


In the above Theorems pk is any sequence of radial mollifiers i.e. of functions 
satisfying 

Pfc(a:) > 0, pk{x) = pk{\x\), / pk{x)dx=l (2.15) 

JE" 
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and 


pOC) 

lim / pk{r)r'^~^dr = 0 for all i5 > 0. 

Js 

In particular, for R > diam(f2), we can consider 

1 


Pix) := X[o.fi](|a;|)| 


In—1 


and define for any sequence {sfe} C (0,1), Sk 1, 
Pk{x) := (1 - Sk)p{x)Cs^-^ 


(2.16) 


where the Cs^ are normalizing constants. Then 


/ Pk{x) dx = {1- Sk)Cs^nUJn / 
jR" Jo 


„ra-l+Sfc 


dr 


fR 2 ^ 

= (1 - Sk)cs^nuJn / -—dr = 

Jo 


and hence taking := ^ gives (2.151; notice that Cg 


Also 


nOO oR ^ 

lim / pk{r)r^~^ dr = lim (1 - Sfc)cs,, / —dr 

Js Js 


= lim = 

k—^oo 


giving ( |2.16 ). 

With this choice we get 

f f — ^^^^pk{x-y)dxdy = Cg^{l-Sk)[u]^s^,i(^a). 

JnJn \x-y\ 

Then, if rt S BV{id), Davila’s Theorem gives 

lini(l - s)[M]H/=.i(n) = lini — (Cs(l - s)Mw».i(n)) 

s—>-1 ' s —Cs 

= nujnKi^n\Du\{n). 


(2.17) 


Now we need to compute the constant Ki^n- 
Notice that we can choose e in such a way that v ■ e = Vn- 
Then using spheric coordinates for S"“^ we obtain |u • e| = | cos0„_i| and 

da = sin 02 (sin 03 )^ ... (sin0„_i)"'“^d6*i... d9n-i, 

with 9i S [0, 27r) and Oj G [0, tt) for j = 2,..., n — 1. Notice that 

n2TT pTZ nTT 

H'^{S’^)= / d9i / sm92d92... {sm9k-i)'^-^ d9k-i 

Jo Jo Jo 

^.^fc_i(gfc_i) r 

Jo 
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Then we get 


f \v ■ e\da{v) = f (sint)" ^\cost\dt 

7s"-i Jo 

_ ^n-2(gn-2)^ ^ (sinCOStdt — / (sint)"“^ COSt 


^„_2(g„-2) p ^ 


n — 1 




n — 1 


Therefore 


2/(^n—2'\ 

= 2 \ ^ = 2/:'‘-i(Bi(0)) = 2w„_i, (2.18) 

n — 1 


and hence (2.17) becomes 

lim(l - s)['u]v^A,.i(Q) = 2a;„_i|£>u|(ll), 

S —>-1 


for any u G BV(fi). 

Putting everything together we obtain 

Corollary 2.17. Let ft C K” be a bounded open set with Lipschitz boundary. 
Let u € L^(fl). Then u € BV(fi) if and only if 


liminf(l — s)[u]w=.i(n) < oo. 

S —>-1 ^ 


Moreover in that case 

lim(l - s)[M]w=.i(n) = 2a;„_i|IlM|(fl). (2-19) 

S —>-1 

We can rewrite this proposition for sets as 

Proposition 2.18. Let LI C M” be a bounded open set with Lipschitz boundary. 
Let E C K". Then P{E, LI) < oo if and only if 

liminf(l — s)P^{E,Ll) < oo. 

S —>-1 


Moreover in that case 


s)P^{E,Ll) =u}n-iP{E,Ll). (2.20) 

S— >-1 

Now we can give the proof of Theorem |2.14[ but first it is convenient to 
point out the following easy but useful estimate. 

Lemma 2.19. Let B C M” and x G K" s.t. d{x,B) > d > 0; then 


dy 


Ib \x-y\ 


< 

n+s — 


TlLUr) 


( 2 . 21 ) 


In particular, if A C K" is s.t. |A| < oo and d{A,B) > d > 0, then 


Cs{A,B) < 



1 

Jp' 


( 2 . 22 ) 


20 










Proof. Since d{xjB) > we have B C CB(i{x) and hence 


/B 


dy ^ 

|x-?/|”+® “ 


'CBj,(x) I 

f du^-^ 


dy 

X — 2/1"+'^ 


P 


1 

-^P 

,Tt + s r 


f dz 

n —1 ^ 


lo^ri / -sj 

= -/ tP dp = 

s dp 


dp 

nUJri 1 
s d®' 


The second inequality follows. 


□ 


Proof of Theorem 2.14[ Clearly (ii) and (iii) are equivalent. 


Let ft := Bft s.t. i? > l,if C and dist{E,dil) > d > 
bounded open set with smooth boundary. 

(i)^(ii): we only need to show that the liminf is finite, 
that the limit holds true. 

Notice that we have 


0; this is 
Actually 


clearly a 
we prove 


Ps{E)=P^^{E,n)+C,{E,C^)- 

Now, as xe S and E CC fl, we have xe G BV{il) and P{E,Tl) = 

P{E); in particular we also have xe & for every s G (0,1). 

Since d{E, dfl) > d > 0, we have 

C,iEX^^)<—\E\f. 

s a® 

Multiplying by (1 — s) we get 

0 < (1 - s)Cs{E,C^) < (1 - ^ 0 . 

as s —>■ 1. This and ( |2.20| ) give 

lim(l — s)Ps(E) = lim(l — s)PHE, SI) = uJn-iP(E, SI) 

s—>1 s—>-1 

= UJn-lP{E). 

(iii)=4>(i): We have 

~ ■Sfc)[XB]rv=fe.i(f2) 

- Sk)PsAE)- 


R 

^Ski^ — Sk)[XE]w^k>^(n) < (1 


nUJn 

<^(1 

nu}n 


Thus the hypothesis implies 

liminf Cs^(l - < oo, 

fe—>-00 ' ' 

and the Theorem of Bourgain, Brezis and Mironescu gives xe G BViVi). 
Finally, as E CC fl, we also get xe G BC(IR"). 

□ 
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Remark 2.20. The condition that the liminf be bounded is necessary i.e. there 
exist bounded measurable sets having finite s-perimeter for every s € (0,1) 
which are not of finite perimeter. 

This also shows that in general the inclusion BV (fl) C nsG(o i) (^) is strict. 

Example 2.21. Let a € (0,1) C K and consider the open intervals Ik '■= 
for every A: G N. Define E := UfceN'^2fc, which is a bounded (open) 
set. Due to the infinite number of jumps xe ^ i3E(K). However it can be 
proved that E has finite s-perimeter for every s G (0,1). We postpone the proof 
to the end of the chapter. 

Notice that, since 

Ai c A 2 => Cs{Ai, B) < £s{A 2 , B), 


we always have 

p^^iE,n) = c,iEnn,CEncn) + Cs{CEnn,Encn) 
< 2Cs{n,cn) = 2P,{n). 


(2.23) 


In particular, if H C K" is a bounded open set with Lipschitz boundary, then H 
has finite perimeter and hence also finite s-perimeter, as we saw above. There¬ 
fore in that case 


Pf^(E,D) < 2 P,{n) < 00, 


for every E C K", so we only need to check the local part of the fractional 
perimeter. In particular. Proposition 2.18 then implies that 


P{E,n) < 00 


Ps{E,n) < 00, 


for every s G (0,1). _ 

We now wish to estimate P^^ {E, H) and show that the convergence in (2.20) 
holds for the whole fractional perimeter instead of only its local part. 

First we have to introduce some notation. 

Let H C M" be a bounded open set with Lipschitz boundary. Then we can 
find two sequences of bounded open sets Ak, Dk C K” with Lipschitz boundary 
strictly approximating H from the inside and from the outside respectively, that 
is 


(i) Ak C Ak+i CC D and Ak /• fl/i.e. Ufc Ak = 

(a) D CC Dk+i C Dk and Dk \ i.e. Dk = H. 
For a proof we refer to [Mj and the references cited therein. 
We define for every k 


n+-.= Dk\n, n-:=ii\Ak Tk — n+uonun-, 

dk '■= min{d(Hfc,9H), d{Dk,dIl)} > 0. 


Now we can prove the following 

Theorem 2.22. Let H C ffi" be a hounded open set with Lipschitz boundary 
and let E C K" be a set having finite perimeter in Di. 

Then Ps{E, LI) < 00 for every s G (0,1), 


uJn-iP{E,Ll) < liminf(l — s)Ps(^', f^) 

s-fl 
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and 


limsup(l — s)Ps(ii^, ri) < f2) + 2a;„_i lim P{E,Ti;). (2.24) 

S-J-I fc-s-oo 

In particular, if P(E, dfl) = 0, then 

lim(l - s)Ps(E, n) = uJn-iP(E, n). (2.25) 

s —>-1 


Proof. Since f2 is regular and P{E, IX) < oo, we already know from Proposition 
2.18 that Ps{E, n) is finite for every s and 


\im{l - s)Pf{E,n) = uJn-iP{E,n), 

s—>-1 


so we only need to prove the second inequality. 

Notice that, since \Dxe\ is a finite Radon measure on Di and Tk \ dX as 
k oo, we have 

3 lim P{E,Tk) = P{E,dX). 

k—^oo 

Consider the nonlocal part of the fractional perimeter 

P^^iE, X) = Cs{En X,CE \X)+ Cs{CE XX,E\X), 


and take any k. Then 

CsiE nx,CE\x) = Cs{E n n x+) + c,{e n n {cx \ Bk)) 

< C,{Enx,CEnx+) + —\x\^ 

< CsiEnXf,CEnx+) + 2'^\x\^ 

< CAEniXf u xt),CE n {Xf u x+)) + 

= p/'(if,rfe) + 2^|fi|l. 

s dk 

Since we can bound the other term in the same way, we get 

P^^^{E,X) <2P^iE,n) +4'^\X\^. (2.26) 

By hypothesis we know that Tk is a bounded open set with Lipschitz boundary 


dTk = dAk U dDk. 

Therefore for every k, using again Proposition |2.1^ we have 
lim(l - s)P^[E,Tk) = u}n-iP{E,Tk), 

S—>-1 

and hence 


fimsup(l - s)Ps{E,X) < uJn-iP{E,X) + 2ujn-iP{E,Tk). 

s^l 

Since this holds true for any k, we get the claim. 

□ 
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Remark 2.23. We remark that in the proof above we showed that we can 
bound the nonlocal part of the perimeter as 

< 2P/'(i?,rfc)+ 4—1^11 

for every k, without making assumptions on the set E C K”. Then, using 
Theorem |2.15| we get 

limsup(l - s)P^^{E,n) < CP{E,Tk), 

S^l 


and hence 

limsup(l - s)P^^{E,n) < ClimMP{E,Tk). (2.27) 

s-fl fe-^-oo 

We remark that this estimate holds true for any set E C M". 

However, if we suppose that P{E, Di) < oo then the liminf is actually a limit, 
which is equal to P{E, 9H), and we can use the constant C = 2a;„_i, as we did 
above. 

Actually we can use the signed distance function to find our approximating 
sets. 

Let H C K" be a bounded open set with Lipschitz boundary and let da denote 
the signed distance function from H, negative inside. Define for any p gM. with 
IpI small, the open set 

Dp := {dn < p}. 

It is proved in |24j that Dp has Lipschitz boundary for every \p\ < a, for some 
a > 0 small enough. 

Notice that Dp CC D when p < 0 and D CC Dp when p > 0. 

Therefore we can consider the sets Dp as our approximating sequences Dk, 
with p < 0 and p > 0 respectively. 

Having ’continuous’ approximating sequences rather than numerable ones 
allows us to improve the previous result. 

Notice that for p > 0 

fVp(5D) = Dp \ D_p = {-p <dF < p}, 

is an open tubular neighborhood of 9D. These take the place of the sets Tk- 
Now suppose that E has finite perimeter in D^. In particular this implies 
that E has finite perimeter in Na{dfl). 

Notice that P{E,B) = T-E~^{d*E n B) for every B C K", where d*E is the 
reduced boundary of E. In particular 

P{E, {da = <5}) = de-\d*E n [da = 5}), 
for every 5 S {—a, a). Now, since 

n’^-\d*EnNc,{dn)) = P{E,Nc,{dn)) < oo, 

the set 

S' := {(5 e (-a, a) \ P{E, [da = (5}) > 0} 
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is at most countable. 

Moreover for every S G {—a, a)\ S we have 

lim(l - s)Ps{E, rtg) = Wn-iPiE, fla). 

s —>.1 

This shows that even if the limit doesn’t hold for il, if we slightly enlarge or 
restrict then the limit holds true. Moreover, since {—a, a) \ S' is dense in 
(—a, a), we can enlarge (or restrict) as little as we want. To sum up 

Corollary 2.24. Let LI C K" be an open set with Lipschitz boundary and let 
E C M" be a set having finite perimeter in Lip, for some 0 < fd < a. 

Then there exists a set S C (—a,/3), at most countable, s.t. 

lim(l - s)Ps{E, Lis) = ^n-iP{E,Lls), 

s-fl 

for every S G {—a, jd) \ S. 

This is an improvement of Theorem 1 in m. which was obtained through 
uniform estimates. In particular, our result holds for any bounded Lipschitz 
domain LI, without requiring (7^’“ regularity of dE. 

For a complete analysis of the asymptotics of the fractional perimeter as 
s —)■ 1 in the context of T-convergence, see [5]. 

Finally we remark that also the asymptotics as s —>■ 0 has been studied. See 
m for a complete analysis. 


2.3 (Ir)Regularity of the Boundary 


We give a definition of fractal dimension related to the fractional perimeter, 
which was introduced in [36]. In particular we show that a set can have finite 
fractional perimeter even if the dimension of its boundary is bigger than n — 1. 
Using Proposition |2.2| we immediately get the following 

Proposition 2.25. Let 12 be an open set. For every measurable u : LI —> M 
there exists one and only one R{u) G [0,1] s.t. 




f < 00 , Vs e (0,P(u)) 
( = 00 , Vs G (P(u), I) 


that is 

R{u) = sup {s G (0,1) I < oo} 

= inf {s e (0,1) I [u]iv.,i(n) = oo} . 

In particular, using the above Proposition for characteristic functions, we 
can give the following definition of fractal dimension. 

Definition 2.26. Let E C M” s.t. d~E ^ 0. We define 


Dim^(9 E,Ll) := n — R{xe), 


(2.29) 


the fractal dimension of 9 i? in U relative to the fractional perimeter. 
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Notice that in the case of sets (2.28) becomes 


R{xe) = sup {s e (0,1) I P^{E, n) < oo} 
= inf {s S (0,1) I P^{E, XI) = oo} . 


(2.30) 


In particular we can take XI to be the whole of K”, or a bounded open set 
with Lipschitz boundary. 

In the first case the local part of the fractional perimeter coincides with the whole 
fractional perimeter, while in the second case we know that we can bound the 
nonlocal part with 2Ps{Xt) < oo for every s G (0,1). Therefore in both cases 


in (2.30) we can as well take the whole fractional perimeter Ps^E, XI) instead of 


just the local part. 

Using the embedding of Proposition |2.11[ we know that if Xt is an extension 
domain, then 


P{E,Xl)<oo Dimi?(9 E,Xi)=n—l. 


However the Example 2.21 shows that (in general) the converse is false. 

Now we recall the definition of Minkowski content and dimension. 
For simplicity set 


Ni\E) := Np{E) n H = {x G H I d^x, E) < p}, 


for any p > 0. 

Definition 2.27. Let XI C K" be an open set. For any F C K" and r G [0, n] we 
define the inferior and superior r-dimensional Minkowski contents of F relative 
to the set Xl as, respectively 


MUr,^) := liminf 
p-s-O 


l^p^(r)| 


AI^(r,H) := limsup 

/9—>-0 




Then we define the lower and upper Minkowski dimensions of F in H as 


Dim^(r, SI) := inf {r G [0, n] \ Af^fF. XI) = 0} 

= n — sup {r G [0, n] \ AI"~^(r. H) = 0} , 

Dim^(r, SI) := sup |r G [0, n] | (T, Xl) = oo| 

= n — inf |r G [0, n] \ At" *^(r, H) = oo|. 

If they agree, we write 

Dim7(4(r,S2) 

for the common value and call it the Minkowski dimension of F in SI. 

If S7 = M" or r CC S2, we drop the Xl in the formulas. 

Remark 2.28. Let Dim^ denote the Hausdorff dimension. In general one has 


Dim-H(r) < Dim^(r) < Dim7n(r), 

and all the inequalities might be strict. However for some sets (e.g. self-similar 
sets with some symmetric and regularity condition) they are all equal. 
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In [5^ the following Proposition (not explicitly stated) is proved. 

Proposition 2.29. Let SI C R" be a bounded open set. Then for every E C R" 
s.t. d~E ^ ^ and DimM{d~ E,Ti) > n — 1 we have 


DimF{d-E,n) < DimM{d~E,n). (2.31) 

Proof. By hypothesis we have 

Dim>i(9“i?, Q) = n — inf |r S (0,1) | Al” ^{d~E, SI) = oo| , 
and we need to show that 

inf |r e (0,1) I Al" ^{d~E, SI) = ooj < sup{s S (0,1) | P^{E, SI) < oo}. 


Up to modifying ill on a set of Lebesgue measure zero we can suppose that 
dE = d-E. 


as in Remark 1.15 
Now for any s G (0,1) 


Notice that this does not affect the s-perimeter. 


2 P^{E,n)= [ dx [ 
J(i Jn 


\xe{x) - XE(,y)\ 


n 

oo 


\x-y\ 


n+s 


dy 


= dx dp 

Jo. Jo JdBp{x)nQ 


n Jo JdBp(x)nn 


\x-y\n+s 

\XEix) - XE{y)\d'H^-'^iy). 


Notice that 


d{x,dE)>p XE{y)=XE{x), yyGBp{x), 


and hence 


f \XE{x)-XEiy)\dn'^ \y)< f XN,{dE)ix) dn^ \y) 

JdBp{x)nn JdBJx)nQ 


dBp{x)r\Q 
< nWr,p"~^XNJdE)(.x). 


Therefore 


f dp f f 

2PBE,PI) < rnxn / / Xnme){x) = nuj^ 

Jo P Jo. Jo 


“ \N^{dE)\ 


(2-32) 


We prove the following 
CLAIM 

M^~\dE,n)<oo pBe,LI)<oo, Vse(0,r). (2.33) 


Indeed 


lim sup 


K{dE)\ 


P^O P' 


< oo 3C'>0s.t. sup 


\Nf{dE)\ 


< M < oo. 


pe(o.c] P 
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Then 


2 P^{E, i}) < nuj„ 


/■g \N^{dE)\ 

Jo 


dp + 



|w?(a£)| I 


< nUJri 


= nUJn 



1 

pl+s 


dp 


proving the claim. 

This implies 

r < sup{s G (0,1) I Pt{E, n) < oo}, 

for every r G (0,1) s.t. ^{dE,Q) < oo. 

Thus for e > 0 very small, we have 

inf |r G (0,1) | TW” ^{d~E, Q) = oo| — e < sup{s G (0,1) | P^{E, fl) < oo}. 
Letting e tend to zero, we conclude the proof. 

□ 


In particular, if 17 has a regular boundary, we obtain 

Corollary 2.30. Let S7 C M" be a bounded open set with Lipschitz boundary. 
Let E C K" s.t. d~ E and Dimj^ {p~ E, 17) G [n — 1, n). Then 

Ps{E,Ll) < oo for every s G (0,n — Dim_\ 4 {d~E,Ll)^ . (2.34) 

This shows that a set E can have finite fractional perimeter even if its boundary 
is really irregular (unlike what happens with Caccioppoli sets and their reduced 
boundary). 

Now we give some equivalent definitions of the Minkowski dimensions, usu¬ 
ally referred to as box-counting dimensions, which are easier to compute. For 
the details and the relation between the Minkowski and the Hausdorff dimen¬ 
sions, see m and [55] and the references cited therein. 

For simplicity we only consider the case F bounded and 17 = M" (or F CC 17). 

Definition 2.31. Given a nonempty bounded set F C M", define for every 
S>0 


A/'(r, 6 ) := min < fc G N | F C u Bs(xi), for some Xi 


K i=l ) 

the smallest number of 5-balls needed to cover F, and 

7^(r, 5) := maxjfc G N | 3 disjoint balls Bs{xi), i = 1,..., fc with Xi G F} , 
the greatest number of disjoint 5-balls with centres in F. 
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Then it is easy to verify that 


Af(r, 25) < V{T, 6) < Af(r, 5/2). 


(2.35) 


Moreover, since any union of 5-balls with centers in T is contained in NgiT), and 
any union of (25)-balls covers Ns{T) if the union of the corresponding 5-balls 
covers T, we get 


P(r,5)w„5" < \Ns{r)\ < A5(r,5)a;„(25)". 

Using (2.35) and ( |2.36 l we see that 

Dim^(r) = inf G [0,n] | liminf A/'(r, 5)5'" = oj- , 

Dini>i(r) = sup < r G [0,n] I limsupA/’(r, 5)5'’ = oo 

I <5^0 

Then it can be proved that 

5-s-O -log 5 
logAf(r,5) 


(2.36) 


(2.37) 


Dini^(r) = limsup- 

s-^o — log 5 


Actually notice that, due to (2.35), we can take 7^(r,5) in place of A/'(r, 5) in 
the above formulas. 

It is also easy to see that if in the definition of A/'(r, 5) we take cubes of side 5 
instead of balls of radius 5, then we get exactly the same dimensions. 

Moreover in (2.37) it is enough to consider limits as 5 —?► 0 through any 
decreasing sequence 5k s.t. 5k+i ^ c5k for some constant c G (0,1); in particular 
for 5k = c^. Indeed if 5k+i < 5 < 5k, then 


logA7(r,5) ^ logA7(r,5fc+i) 


logA/'(r,5fe+i) 


- log 5 “ - log 5k 

logA/'(r,5fc+i) 
-log5fe+i -klogc’ 


log5fc+i -k log(5fe+i/5fc) 


< 


so that 


logA7(r,5) logA7(r,5fc) 

lim sup-^-r—• < lim sup ■-, . 

5^0 — log 5 k^ao — log 5fc 


The opposite inequality is clear and in a similar way we can treat the lower 
limits. 

Now we can study the following example. 

Example 2.32 (von Koch Snowflake). The von Koch snowflake, whose con¬ 
struction we recall below, is a bounded open set 5" C whose boundary has 
fractal dimension Dim^ i^S) = . Therefore we have 


Moreover 


Ps{S) < 00, 

Vs G 

(“'-IS)’ 

(2.38) 

PsiS) = oo, 

Vs G 

(-S'O' 

(2.39) 
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and hence 


Dinii?(i9S') = Dim^(95') 


log 4 
logs' 


Proof. First of all we construct the von Koch curve. Then the snowflake is made 
of three von Koch curves. 

Let Eq be a line segment of unit length. The set Ei consists of the four segments 
obtained by removing the middle third of Eq and replacing it by the other two 
sides of the equilateral triangle based on the removed segment. We construct 
E 2 by applying the same procedure to each of the segments in Ei and so on. 
Thus Ek comes from replacing the middle third of each straight line segment of 
Ek-i by the other two sides of an equilateral triangle. 

As k tends to infinity, the sequence of polygonal curves Ek approaches a limiting 
curve E, called the von Koch curve. 

If we start with an equilateral triangle with unit length side and perform the 
same construction on all three sides, we obtain the von Koch snowflake S. 

Let S be the bounded region enclosed by E, so that S is open and dS = T,. 
Now we calculate the dimension of E using the remarks above about the box¬ 
counting dimensions. 

The idea is to exploit the self-similarity of E and consider covers made of squares 
with side 5k =3“^. 

The key observation is that E can be covered by three squares of length 1/3 
(and cannot be covered by only two), so that Af{E, 1/3) = 3. 

Then consider Ei. We can think of E as being made of four von Koch curves 
starting from the set Ei and with initial segments of length 1/3 instead of 1. 
Therefore we can cover each of these four pieces with three squares of side 1/9, 
so that E can be covered with 3 • 4 squares of length 1 /9 (and not one less) and 
Af{E,1/9) =4-3. 

We can repeat the same starting from E 2 to get NiE, 1/27) =4^-3, and so on. 
In general we obtain 

aa(f;,3-'=) = 4'=-i.3. 

Then, taking logarithms we get 

logAfiE,^-^) log3-f (fc-l)log4 log4 
— log 3“^ fclog3 ^ log3’ 


so that Dim^(i?) = 

Notice that the Minkowski dimensions of the snowflake and of the curve are the 
same, so we get the claim and (2.38). 

Now we prove (2.39). 

As starting point for the snowflake take the equilateral triangle T of side 1, with 
baricenter in the origin and a vertex on the y-axis. Then Ti is made of three 
triangles of side 1/3, T 2 of 3 • 4 triangles of side 1/3^ and so on. In general Tk is 

and let the xl ’s 




made of 3-4^“^ triangles of side 1/3^; call them T/,. 
be their baricenters. For each triangle T/ there exists a rotation 77,^ S 

s.t. 

Ki(|rr)+4 = Ti 

Fix a ball Bi{x) C CS, far from S, e.g. i3i(0,15). Then 


SO{n) 


k- 


BQ-k{x + xl) = ni ( ^Bi[x) ) + 4 C cs. 


(2.40) 
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for every i, k. 

Notice that Tk and Tk-i touch only on a set of measure zero and S = TUljTk. 
Then 


Ps{S) = £s{S,CS)= Cs (T, C5) + ^ (Tfe, C^) 

k^l 

OQ 3-4'^-^ oo 3-4'= 

= Cs{t,cs) + Y. E ^s{n,cs)>Y, E ^^iTi,cs) 


k—1 i—1 


k—1 i—1 


oo 3-4''-i 

^E E ^4r^,S3-.(a; + 4)) (by(|2.40() 

k—1 z—1 
oo 3-4'‘-i 


k — 1 i—1 

£c, 


= E E (p) £s(T,Bi{x)) (by Proposition 


2 . 10 ) 




32- 


/c=0 


To conclude, notice that the last series is divergent if s > 2 — 


□ 


2.4 Proof of Example 2.21 


Note that E C (0,a^]. Let ft := (—1,1) C M. Then E CC fl and dist(if,9r2) = 
1 - =: d > 0. Now 


Ps{E) = 


EJCEnn 


dxdy 
\x - 


E Jen 


dxdy 

\x-y\^+^' 


As for the second term, we have 


r r dxdy ^ 2|T;| 
JEJen \x-y\^+^ ~ sd« 


We split the first term into three pieces 



E J CEr\{ 0 ,a) 


dxdy 
|a; - y\^+^ 


r dxdy 

JEJa \x-yV+^ 


Note that CE n (0, a) = UfcGW kk-i = UfeeN(«^^> ^)- 
A simple calculation shows that, if a < 6 < c < d, then 



—-^ [(c - a)i-^ + (d - by-^ - (c - - (d - . 

s(l — S) 
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Also note that, if n > m > 1, then 


J m 


= (s- l)loga / 

J m 


(1 - a‘)' 


■ dt 


< a™(s- 1) log a f 

J rr 

< (n — m)a 


1 


(1 — a*)' 
(s — 1) logo 

(1-a)" 


dt 


Now consider the first term 


- V r'" r 

+ \x-yY-+‘' 


Use (2.411 and notice that (c — a)^ ^ — (d — a)^ ^ < 0 to get 


0 ra^ 


I I |i+. < 

-lJa^k + l\x-y\^+^ s(l-s)'- s(l-s) 


dxdy 
■-2/1^ 

Then, as < 1 we get 

^ ^ k=l 


(2.42) 


As for the last term 


^3 = E 


C dxd?/ 
2k+iJa |a;-?/|3+'*’ 


k=l 


use (2.411 and notice that {d — b)^ ^ — {d — a)^ ® < 0 to get 


dxdy 


< 


la^k + lJa \x-y\^ + ^ S(l-S) 


[(l_a2fc+l)l-s_ (i_^2fc)l-sj 


l>y12.42[. 

s(l — a)® 1 r 


Thus 


la < 


— logo 
s(l — a)® 


< oo. 

k=l 


Finally we split the second term 


^2 



dxdy 
|a; - J/|1+® 


into three pieces according to the cases j > k, j = k and j < k. 
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If j = k, using (2.41) we get 


dxdy 


la‘^i‘+ij^ 2 k \x-y\'-+ 

1 


s(l - s) 
1 

s(l - s) 


[(a2fc _ a2fe+l)l-s ^ _ (^2fc-l _ a2fc+l)l-s] 

[a2fe(i-«)(l _ af-s + ^(2fe-i)(i-.)(^ _ 

-a(2'=-i)(i--)(l-a2)i-*] 


s(l — s) L ® 


Summing over fc G N we get 

OO /.a 

E 


^2k ^2k-l 


dxdy 


fc=i * 


1 


(l-a)i-'* + 


(l-a)!-'* (l-a2)i-« 


< oo. 


s(l — s) 1 — 

In particular note that 
{l-s)P,iE) > {l-s)l 2 

- ,(1-„‘2(1-.)) ■ 

which tends to +oo when s —> 1. This shows that E cannot have finite perimeter. 
To conclude let j > k, the case j < k being similar, and consider 
oo oo 

E E 

k—1 j—k-\-l ' 

Again, using (2.411 and (d — — {d — a)^“® < 0, we get 

dxdy 


dxdy 

(j 2 j Ja^k +1 \x - y\^+^ 


2j-l 2k 


f / 


2j J Q^2k + 1 \X 


< 


1 


s(l - s) 

.1-s 


a 


s(l - s) 


(^2(l-s))fe _ ^20-fc)-l^l-s _ _ ^20-fc)-2^1-sj 


< 


s(l — s) (1 — ay 

s(l — a'^)a'’+^ 


for j >k + 2. Then 

oo oo pa'^’‘ 

E E 

k—1j—k+2 


dxdy 


< 


— logo 


s(l — a®)a®+i 


^(„2(l-.))fc^(„2)/.<^_ 


/c=l 


/i=2 
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li j = k + 1 we get 


E 


dxdy 


< 


^7a2fc+2 Ja^k+l \x - y\''-+‘ ^ 


1 ^(a2fc+i_a2fc+2)i-^ 


s(l — 5) ^ 

^ ’ k^l 


This shows that also X 2 < 00 , so that Ps{E) < 00 for every s G (0,1) as claimed. 
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Chapter 3 


Nonlocal Minimal Surfaces 


3.1 Nonlocal Minimal Surfaces 

In this section we give the definition of nonlocal minimal surface and we prove 
existence and compactness results. 

Definition 3.1. Let SI C M" be an open set and let s G (0,1). The set E C M" 
is said to be s-minimal in S7 if Ps{E, SI) < oo and 

PsiE,n) < p,{E,n), (3.1) 

for every P C ffi" s.t. E\n = E\il. 

As in the classical case, E\n plays the role of boundary data. However here 
it is not enough to know how it behaves in a neighborhood of 9S7; indeed, since 
Ps is nonlocal, we need to know the whole of A \ S7. 

Remark 3.2. Since from now on the index s G (0,1) will be fixed, we will 
usually write Jn{E) := Ps(E,n). 

If E is s-minimal in SI, we will also say that it is a minimizer for J7n. 

Even if the definition makes sense for every open set SI, we will usually 
consider bounded open sets with Lipschitz boundary. This ensures that for any 
fixed set Eq we have 

inf{ Jn(i^) \E\n = Eo\n}< Jn{Eo \ n) 

= Cs{{Eo\n)\n,c{Eo\ii)nii) ( 3 . 2 ) 

< Csicn,n) = p,{n) < 00 

Lemma 3.3. If E is s-minimal in SI, then it is also s-minimal in every open 
subset S7' C S7. 

Proof. Indeed, let S7' C SI and F C M". Then 

Ps{F, n) - Ps{F, O') = Pf (F,0 \ O') +£s{F\ n,CF n (O \ O')) 

-t/:,(Fn(o\o'),CF\o). ^ ' ’ 
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Now notice that ii F\il' = E \ $7', then the corresponding right hand sides in 
(3.3) are equal and clearly we also have F \ U = E \ n. Therefore 


Jn'(F) - Jn'{E) = Jn{F) - Jn{E) > 0. 


□ 

Remark 3.4. Using Proposition |2.10| it is immediate to see that if E is s- 
minimal in 17, then if we dilate, rotate or translate both E and 17, then we end 
up with an s-minimal set in the corresponding open set. 

For example, let A > 0 and take a set F s.t. F \ XQ = XE \ A17. Then 
{X~^F) \ 17 = U \ 17 and 


Jxn{F) = X^-^Jn{X-^E) > X^-^Jn{E) = Jxn{XE). 

Definition 3.5. We say that a set U is a (variational) supersolution in 17 if 
AcCEnn C,{A,E) - C,{A,C{EU A)) <0. (3.4) 

It is a subsolution if 

Ac Fin 17 ^ C,{A,E\A)- Cs{A,CE)>Q. (3.5) 

These dehnitions are justified by the following observation, which is easily 
obtained once we explicit all the terms. 

Lemma 3.6. Let E\Ll = F\n. Denote A~^ := F\E and A~ := E\F. Then 

Jn{F) -Jn{E) = {Cs{A-,E\A-)-Cs (AU ,CE)} + 2Cs{A-,A+) 
-{Cs{A+,E)-CM^,C{EuA+))}. 


As a consequence we get 

Proposition 3.7. The set E is s-minimal in 17 if and only if it is both a 
subsolution and a supersolution. 


Proof. Suppose E is s-minimal. Let A C CE n 17 and define F := A U (A \ 17). 
Using the notation of the Lemma, we have A+ = A and A~ = 0. Therefore, 


since E is s-minimal and F \ Tl = E \ the right hand side of (3.6) reduces to 


- {/:,(A, E) - Cs{A,CiE U A))} = JniF) - Jn{E) > 0, 


proving (3.4). In the same way we get also (3.5). 

On the other hand, if U \ 17 = U \ 17, then A+ C CE n 17 and A~ C U n 17. If we 
suppose that E is both a subsolution and a supersolution, then all the terms in 
the right hand side of (|3.6|) are non-negative, and hence 


□ 


Jn{F)-Jn{E)>Q, 
proving that E is s-minimal in 17. 
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Remark 3.8. Notice that E is a, subsolution (supersolution) in SI if and only 
if CE is a supersolution (subsolution) in S7. 

Moreover, if if is a subsolution (supersolution) in SI, then it is also a subsolution 
(supersolution) in every open subset Si' C Si. 

Analogues of the statements in Remark |3.4| hold for subsolutions and superso¬ 
lutions. 

Proposition 3.9 (Lower semicontinuity). Let Si C M" be an open set and {E^} 
a sequence of sets s.t. Ej- E. Then 

Jn{E) < liminf f7n(Afc). 

Ai—>-oo 

Proof. The claim is just a consequence of Fatou’s Lemma. Indeed, it is enough 
to notice that if XA^ —^ Xa and xb^. — > Xb in A;^q^(K"'), then we can find 
{ki} C N s.t. ki Z' oo strictly and 


XAk.{x)xB^.{y) —^ XA{x)xB{y), 

for a.e. {x,y) € K" x M”. Then Fatou’s Lemma implies 

XA{x)xB{y) 


Cs(,A,B) = 


< liminf 

i—^oo 


, , , dxdy 

XA.. (a:)xB.. {y) 


\x-y\ 


= liminf £s(Afc-, Rfci)- 

i—¥oo 


n+s 


dx dy 


Applying this inequality to both the terms in the definition of ffn we get the 
claim. 

□ 


Using this Proposition and a compactness result for fractional Sobolev spaces 
we can now prove the existence of s-minimal sets using the direct method of the 
Calculus of Variations. 

Theorem 3.10 (Existence of minimizers). Let C K" be a bounded open set 
with Lipschitz boundary, and fix a set Eq C CLl. Then there exists a set E s.t. 
E \Ll = Eq and 

Jn{E) = inf Jn{F). 

F\n=Eo 

Proof. As remarked above, since 12 is bounded and has Lipschitz boundary, then 

inf JaiE) < JaiEo) < Psi^) < oo. 

F\n=Eo 

Let {Fk} be a minimizing sequence, i.e. s.t. Fk\Ll = Eq and 

lim Jn{Fk) = inf Ja{F). 

fc—>-oo F\Q,—Eo 


We can suppose that 


Jn{Fk) < M < 00 , for every k, 
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since in any case this is true for k big enough. In particular 


= 2P/'(Ffc,n) < 2jQ,{Fk) < 2M, 


and 

IIXFjlLi(n) = \Fk n < |n|, 


for every k. Then , using the compactness of the embedding ^ 

(see Theorem 2.7), we get u € s.t. xf^ —^ in (we relabel the 

subsequence). It is clear that u is equal (in L^) to the characteristic function of 


a set F C n. Then, if we define E := Eq U F we have Fk E and hence the 
semicontinuity result implies 


Jn(F) < liminf:7n(Ffe) = inf Jn{E). 
fc^oo F\n=Eo 


□ 


It is convenient to have a estimate for the difference Jq,{E) — Jn{F) also in 
the case F n fl = F n fl. 


Lemma 3.11. Let Q C K" be a bounded open set with Lipschitz boundary. 
Assume E = F inside Q; then 

iJ'o(F) - JniF)\ < Csin, (FAF) \ Ll). (3.7) 


Proof. Since F is equal to F inside ft, 

Jn{E) - Jn{F) = Cs{E n r!,CF \ fl) + C,{E \ fI,CF n fl) 

- Cs{F n n,CF \ fi) - Cs{F \ ii,CF n n) 
= Cs{E n fi,CF \ n) - Cs{E n fI,CF \ II) 

+ £,(F \ II,CF n H) - Cs{F \ II,CF n H). 


Now if we take the absolute value and explicit all the terms we get 

f XF{y)-XE{y) 


|Jo(F)-Jo(F)| = 


< 


JEnn Jen 1^^ ~ y|"+s 

f f \xF{y) - XEiy)\ 

f f XEAFiy) , f 


+ 


iCEnn Jen 


leEnnJen 

f XEAFiy) 


XEjy) - XF{y) 

\x_y\n+s 

\xE{y) - XF{y)\ 

\x - 


JEnn Jen 1^ ~ y|"+s JcEnn , 
= Cs{n,{EAF)\n). 


'en 


■-y\ 


n+s 


□ 


Now we can prove a compactness result for s-minimal sets. 

Theorem 3.12. Let {Ek} be a sequence of s-minimal sets in Bi s.t. Ek F. 
Then E is s-minimal in Bi and 


Jbi{E) = lim JBi{Ek). 

k-f-oo 


38 











Proof. Assume F = E outside Bi and let 

Fk := (FnBi)U (Afc\Bi). 

Then, since F^. = outside Bi and E^. is a minimizer, we have 


JBi{Fk) > jBi{Ek)- 


On the other hand, since F^ 


F inside Bi, inequality (3.7) gives 


\JBAFk) - JbAF)\ < Cs{B^, {FkAF) \Bi)= £s{Bi, {EtAE) \ Bi) =: &*,. 


Now we have 

Jbi (F) + bk > Jbi (Fk) > Jbi (Ek). 
If we prove that bk —t 0, then 


JbAE) > limsup JBi(Afc) > liminf > Jbi{E), 

k—>oo k >^00 

by lower semicontinuity, proving that if is a minimizer for jTsi. 
Also notice that taking F = E gives 

lim JBi(Ek) = Jbx{E). 

k—^oo 

We’re left to prove that bk —t 0. 

Define 

akir) :=H’^-\{EkAE)ndBr) 

and take any rg > 1. Then 


bk — £s{Bi, {EkAE) n {Brg \ Bi)) + Cs{Bi, {EkAE) \ Bj-^) 


and the second term is 


£«(i?i, {EkAE) \ BrJ < — |i?i|(ro - 1)"^ 

s 


As for the first term, we have 


Es{Bi, (EkAE) n {Brg \ Bi)) — f XEkAsix) ( f 

Jb,^\Bi \JBi 


dy 


< 


Now notice that 


nUJn 

s 

nujn 

s 

r^o 


IdB. 

•ro 


\B, 

XEkAE{x) 


' - y\ 


n+s 


dx 


f dy 

Ib, |a;-yh+^ 


dW^-^ix) dr 


[ I dr 

idB^ {r - 1)® 

afc(r) 


dr. 


h {r - 1)' 


1 , (ro-l)i-^ ^ 

-dr = -:- < 00 


1 — s 


and 


Ji (r-1)" 

/ ro _ 

ak{r)dr = \{EkAE) n \ B^)\ 0. 
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Then, since 

akir) < H^~^{dBr) = nuinr'^~^ < nuJn'rQ~^, 
for every r < tq, Lebesgue’s dominated convergence Theorem gives 



(r) 

r- 1) 


0 . 


Therefore ^ 

limsup6fe < — !)”'*■ 

k—>-(x> ^ 

Since rg was arbitrary, this concludes the proof. 


□ 


Remark 3.13. Notice that the same proof applies if we take any ball Br{x) in 
place of Bi. 


3.2 Uniform Density Estimates 


Now we prove an analogue of the density estimates which hold in the classical 
case and we derive some consequences which will be fundamental in the sequel. 


Remark 3.14. From now on we suppose that any set E satisfies (1.16). In 
particular 


dE = d i? = {cc S K" I 0 < |i? n B.r{x)\ < a;„r", Vr > 0}. 

The estimates will follow easily from the following result 

Lemma 3.15. Let E be a subsolution in B^. There exists a universal constant 
c = c{n, s) > 0 s.t. 

\Ef\Bi\<c \ETBi/ 2 \ = Q. 

Proof. Define for every r S (0,1] 

Vr:=\EnBrl a{r) :=n'^-\EndBr). 

Using the fractional Sobolev inequality (see Theorem |2.4[ ) with p = 1, 

for u = XEnBr., we get 


v;" <2CC,{EnBr,c{EnBr)). 

Now we split 

£s{E n Br,C{E n Br)) = Cs{E n Br,CE) + Cs{E r\Br,E\ Br). 


Since U is a subsolution in Ri, (3.5) with A = Er\Br<zEr\Bi implies 
Cs{EC^Br,CE) < Cs{ETBr,E\Br), 
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and, since E\Br CCBr, we get 


Cs{E n Br.,C{E n Br-)) < 2Cs{EnBr,CBr). 

For every x G E H B^. we have d(x^CBj.) > r — |a;| > 0, and hence (see Lemma 
f dy 


2.19) 


ICBr 


- y\ 


n+s 


nujn , I I, _s 

<—-{r-\x\) . 


Therefore 


CsiE n Br,CBr) = [if Xe{x) 
Jo \JdBp 


'CB^ 


dy 
\x - 




d'H'^ ^{x)j dp 
dp 


(r - pY 


nUJr, 

s 


l(p) 


(r - p)‘ 

Putting everything together we have 

Vr^ <C [ 


dp. 


ajp) 

(r - pY 


dp. 


Integrating on (0,t), with t < 1, we obtain 


K " dr <C 


a{p) 


/o \^0 

rt 


dp ) dr 


(r - pY 

= C^ a{p) (^j {r-p^dr^ dp 


C 


1 — 5 

fl —s rt 


[ a{p)(t-pf ^ dp 
JO 


< 


[ a{p) dp = CY-^Vt. 
1 - s Jo 


Now we consider the above inequality with 

tfc := - + k> 1. 

2 2'= - 

Notice that ti = 1, is strictly decreasing with tk — tk+i = and tk 
We have 


rtk 


W" dr < CY-^Vt, < CVtp, 


and 


rtk 


rtk + i 


rtk 


rtk 


Vr dr = Vr " dr + I Vr " dr > Vr " dr 


'tk + l 


' tk + 1 


> — 2k+l^tkli ’ 


1 

2 • 
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since is nondecreasing. If we set '■= then 

< Cvk, 

i.e. 

n k ^ 

Vk+i<Co{2^) vj:~\ 

where the constant Co = (2C)'^ can be supposed to be strictly bigger than 1 
and depends only on n and s. 

We claim that if vi is small enough, vx < c{n,s), then Vk —>■ 0. Notice that 
this concludes the proof. 

Let b := 2"^ > 1 and a := > 0 so that our inequality reads 

vk+i < Co6S^+“. 

_ 1 . _ 1 _ 

Now, if ui < Cq “ 6 “ , then 

Vk < b ^ui, (3.8) 


for every k > 1 and hence in particular Vk —> 0. 

We prove (3.8) by induction. It is trivially satisfied if fc = 1. Suppose it is true 
for k; then 


Vk+i < Co6S^+“ < Cob>^ [b- 


(6- 


l+a 


= CnC 


Ul Vi 


□ 


Now we can prove the density estimates. 

Theorem 3.16 (Uniform density estimate). Let E be a subsolution in U. There 
exists a universal constant c = c{n, s) > 0 s.t. if x G dE and B^{x) C fl then 

\E n Bj.{x)\ > cr". 

In particular, if E is s-minimal in LI, then 


\E r Br{x)\ > cr'^, \CEnBr{x)\>cr^. (3.9) 


Proof. The second statement is an immediate consequence of the first. Indeed, 
if E is s-minimal, then E is also a supersolution i.e. CE is a subsolution and 
hence it satisfies the hypothesis of the Theorem. 

The first inequality follows from previous Lemma. 

Since Br{x) C LI, the set C is a subsolution in Bj.{x) and hence is a 
subsolution in Bi. Let c be the constant in the Lemma. If we suppose that 


r 


n 


E — X 
r 


n Bi 


\E n Br{x)\ < cr^, 


we have 


E — X 
r 


n Bi 


< c, 
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and hence 


= 0, i.e. \E B^{x)\ = Q. 

However x S dE and hence \E Bp{x)\ > 0 for every p > 0. This gives a 
contradiction, proving that 


E — x 


n Bi 


\E n Br{x)\ > cr'^. 


□ 


A first consequence of the uniform density estimate is that we can always 
find a small ball completely contained in ED Bi and one contained in CE n B^, 
if 0 G dE. 

Corollary 3.17 (Clean ball condition). Let E be s-minimal in LI, x G dE and 
Br(x) C LI. There exist balls 

Bcrivi) c En Brix), Bcr{y2) C CA C B^ix), 

for some small universal constant c = c{n, s) > 0. 

Proof. We can assume that x = 0 and Br{x) = Bi. Without loss of generality 
we can also suppose that Bi CC LI, otherwise we could consider Bi^ 2 - In 
particular we can suppose that d{Bi,dLl) > 1/2 i.e. that B^^ C LI. 

We decompose the space into cubes of side 6. We want to show that Ns, the 
number of cubes contained in Bi which intersect dE, satisfies 


Ns < 


(3.10) 


for some constant C = C{n, s) > 0. Then, since 0 G dE, the density estimate 
for the ball B 1/2 gives 

|AnHi/ 2 | >c2-", 

and hence at least 2“"c(5“"’ of the cubes intersect E Cl Bi/ 2 - Moreover, if 6 is 
small, say <5 < then all these cubes are contained in B^. 

If noone of these cubes is completely contained in A n i?i, then they all intersect 
dE, so that 

Ns > 2-”c5-”. 


This and (3.10) give 


2"C' 




where the left hand side does not depend on <5. Therefore if we take 6 small 
enough we get a contradiction. This proves that there is a cube of side 6 com¬ 
pletely contained in A n Hi, and hence also a ball of radius 6/2. To conclude, 
notice that we can take 


6 = S{n, s) 




and hence get the claim with c = 6/2. It is clear that we can apply the same 
argument for CE. 

We are left to prove (3.10). 

Let Qs C Hi be a cube of side 6 s.t. Qs n dE ^ 0 and let ?/ be a point in the 
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intersection. Now if S is small enough, S < then the cube Q^s (with same 

center and side 3<5) is contained in B ^/2 s-nd hence in 

Therefore there is a ball Bs{y) C Q 35 C ft, with y S dE, so the density estimates 
give 

\E n Qssl > cS'^, \CEnQ3s\>cS^- 

li X € E C] Qss and y S CE n Qss, then \x — y\ <diam(( 535 ) = ^/n3S, so 

dx dy 

\x-y\n+s 


Cs{E n Q 3 S, CE n Qss) — [ [ 

JEr\Q3.^ JC 


EnQzs CEnQss 


> 


dx dy 


lEnQas JcEnQss (v^3(5)"+® 

^ |£;nQ 3 ^| • ICEDQssl 
(yn3(5)’^+® 
i5” • (5” 

> = r 

“ (3yn)"+® ° 

Let F'^ be the family of cubes of side <5 contained in B 3/2 and Fs the subfamily 
made of those contained in Bi\ finally let Gs C F^ be the subfamily of those 
intersecting dE, so that is the cardinality of Gs- 
Notice that if Qs G Fs, then the cube Qzs covers 3" cubes of Eg. 

Therefore, since the intersection of two distinct cubes has zero Lebesgue mea¬ 
sure, we get 


E / / 

Qs,Q's^Fs 


dx dy 

n+s 


/ r 

Qi:QaGF' F 


dx dy 


_ y^n+s 


< 9" 


3^/2^^ B^/2^CE 


3 / 2 ' 


dx dy 

\x-y\ 


n+s 


On the other hand we have 

E 


dx dy 


5 Q' ^Fs JQ!^^nCE 1^ y\ 


n+s 


^ E 


dx dy 


■ In+s 


Q3s(~^F J Qss^CE 1 ^ y\ 

dx dy 

X — 


^ ^ / / 

Qs^Gs '^Q^s^F JQ^s^CE 

> coS^~^ =coS^-^Ns. 

Qs^Gs 


These give 

coS^-^Ns<TCsiEnB3^2,CEnB3/2). 

Finally from the minimality of E we get 

£s{E n B3/2,ce n B3/2) ^ £s{e r\ B3/2 ,CE) ^ £s{e r\ B3/2, e n CS3/2) 

< £3(53/2, C.B3/2) = Ps { B3 / 2 )- 


This proves (3.10), concluding the proof. 


□ 
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From the proof of this Corollary we can deduce an estimate on the Hausdorff 
measure of dE n Q,. 

Corollary 3.18. If E is s-minimal in then 

< oo. 

Actually we will prove that dE n Vi has Hausdorff dimension equal to n — 1. 
For this reason we can think of dE n H as a nonlocal minimal surface. 

Another important consequence of the density estimates is the following 
improvement of the convergence of s-minimal sets. 

Corollary 3.19. Let {E]f\ he a sequence of s-minimal sets in LI s.t. E^ E. 
For every compact set K C LI and every e > 0 there exists no s.t. 

dEkHK C N,{dE)nK, fork>no, (3.11) 

where N^{dE) is the e-neighborhood of dE. 

Proof. Let d := d{K,dLl) > 0. Suppose that there exists a sequence (eventually 
relabeled) {xk} and eo > 0 s.t. 

Xk G dEk n K and d{xk,dE) > eg. 

We can suppose that Eq < d. Since d{xk, dE) > Cq, we have 

Ek n B^^/ 2 {xk) C Ek\E, 

and, since eo < d, B^^/2{xk) C Ll, so that the density estimate gives 

\Ekr]B,^/2ixk)\ > 

But this contradicts the convergence. Indeed, for R big enough we have 
K C Br] now, since Xk € K C Br, we have B^^/2{xk) C Br+^^, =: Br/. Then 

KAfeAA) LBr,\> \{Ek \E)LBr.\> \Ek C B,^/2{xk)\ > ^e)}, 

for every k. 

□ 
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Chapter 4 

Fractional Mean Curvature 


In Section 2 we show that an s-minimal set E satisfies the Euler-Lagrange 
equation 

= 0, x€dE (4.1) 

in the viscosity sense, where Ig [-S'] ( 2 ;) denotes the fractional mean curvature of 
dE at X, defined below. 


This can be thought of as the fractional analogue of the equation (1.20) 
satisfied by classical minimal surfaces. 

Moreover in Section 3 we show that the fractional mean curvature is the first 
variation of the fractional perimeter, at least when the set is regular enough. 
To be more precise, we show that if : K” —)■ K" is a one-parameter family of 
C^-diffeomorphisms which is also in t and s.t. $0 = Id, then 


jiP.mE)) 


t=o 


IdE 


Is[E]{x)vEix) ■ (j){x)d'H'^ {x), 


(4.2) 


where 4>{x) := ^d>t(a;)| and E is any bounded open set with boundary. 


4.1 Definition 


Remark 4.1. Again, in this chapter we suppose that any set E satisfies (1.16). 
In particular 


dE = d-E = {x€W^\Q< \EnBr{x)\ < a;„r”, Vr > 0}. 


Definition 4.2. Given a set E, the s-fractional mean curvature of dE at a 
point X S dE is formally defined as 


Tg[E]{x) := P.V. 


XE{y) - xcEjy) , 

\x-y\n+s y 


This means 


where 


Is[E]{x) = \imlP[E]{x), 


lP[E]{x) 



xsjy) - xcEjy) , 

\x-y\n+s y 


(4.3) 
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Remark 4.3. The integral above has to be considered in the principal value 
sense because the integrand is not in the space L^(]R"). Moreover, in order for 
the limit in (4.3) to be well defined, we need some sort of cancellation near the 
point X. 

In [T] it is shown that if the boundary of the set E is near x, then the 
limit exists. The proof exploits the cancellation provided by the existence of 
tangent interior and exterior paraboloids in a neighborhood of x. 

To be more precise, let E be an open set s.t. dE is in a neighborhood of 
X G dE. We can suppose x = 0. Then in normal coordinates we have 


E n Bp C {{y' ,yn) GR^ \ yn < M\y'\^} 

CEnBpC {iy\ Vn) G R" 12/n > -M\y'\^} 


(4.4) 


for some M > 0 and p small. 
Given 0 < 5' < ^ small. 


l![E]{0)-lf[E]{0) 


xsiy) - xcsiy) 


15' JdB^ 
c5 nin—\ 


dy 


\y\n+s 

XE{y) - xcE{y) 


^n+s 


dU^-^iy) 


n^-^iEndBp) -n^-^iCEndBp) 


p' 


,n+s 


dp 


Now thanks to (4.4) we get 


n'^-^{E n dBp) - n^-\CE n dBp) = n Sp) - n^-\CE n Sp) 

<^”"'(Sp), 

where 

Sp := {(y'.yn) G R" I \yn\ < M|yf } n dBp, 

and hence 




< 


pS 'un — 1 

^n+s 


W‘ 


dp. 


Therefore, if we show that H"“^(Sp) = 0{p^) as p —?► 0, then the sequence 
ll[E]{Q) is a Cauchy sequence and the fractional curvature is well defined. 
Notice that Ep = {y G dBp \ \yn\ < h}, with 


J_ 4fl2 _ J_ 

, ^ ^P M 

'*=- 2 - 

If we take polar coordinates in such a way that ?/„ = pcos0„_i, then the con¬ 
dition \yn\ < h is translated in G (r, tt — r], with r = arccos (^). 

Therefore 

pTZ p'K — T 

%^-\Ep) = p^-^ / d0i... sin(0„_2)"-" / sin(0„_i)"-2 

Jo Jo Jt 


= 2p^-^n^-^{E^-^) J (sint) 
< - r). 


dt 
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Using Taylor expansion we find T = ^—Mp+o{p) and hence "H" ^(Sp) = 0{p^), 
as p —>■ 0. 

Since the existence of tangent interior and exterior balls to dE in x is enough 
to get ( |4.4| ) (up to rotation and translation), we get the following 

Lemma 4.4. Suppose there exist two open sets Fi G E and E 2 C CE with 
X G dE n dFi. If dFi is in a neighborhood of x for i = 1,2, then Is[E\{x) is 
well defined. 

Remark 4.5. In order to study the existence of the fractional mean curvature 
dX X G dE it is enough to know the behavior of if in a neighborhood of x. 
However, unlike what happens with the classical mean curvature, we need to 
know the whole of E to determine Is [if](a;), meaning that the fractional mean 
curvature is nonlocal. 

Lemma 4.6. If E C F and x G dE n dE, then 

l![E]ix)<lt[F]ix), (4.5) 


for every S > 0. 

Proof. It is enough to notice that 

Xe < Xf and xce > Xcf 
Xe - XCE < Xf - Xcf- 


E gF 


□ 


For more details about the fractional mean curvature, see [T]. 

In particular it is proved there that if E is open and dE is near x, then the 
s-fractional mean curvature approaches the classical mean curvature as s —> 1, 

i.e. 

lim(l - s)Is[E]{x) = (n - I)w„_iR(a;), 

S—>-1 

where i?(x) is the classical mean curvature of dE at x, i.e. the arithmetic mean 
of the principal curvatures of dE in x. 

See also m for the asymptotics. 


4.2 Euler-Lagrange Equation 

We begin by showing a comparison principle between the boundary dE of an 
s-minimal set and the hyperplane {xn = 0}. 

The same technique used in the proof, with some complications due to error 
terms, will be used in the proof of the Euler-Lagrange equation. 

Proposition 4.7. Let E be an s-minimal set in Bi. Then 

{Xn<0}\BiG E {Xn <0} GE. 


49 


Proof. Define 


A := {xn <0}\E, 

and notice that A~ C i?i H CE. We want to show that \A~\ = 0. 

To this end we define a new set as perturbation and exploit symmetry in 
order to obtain cancellation in the integrals. 

Let T be the reflection across {a;„ = 0}, i.e. T(x',Xn) = {x',—Xn) and define 

A+ := T(A-)\E, 


and 


A:= A~ U A+. 


Decompose A in two sets, Ai, which is symmetric with respect to {a;„ = 0} and 
the remaining part A 2 C A~, i.e. 


Ai := A+UT{A+), A 2 := A~ \T{A+). 


Notice that 
and define 


{Xn < 0} C E U A, 
F :=T{C{EUA)). 


Then 


^C{a;„<0}\A C E. 

From the minimality of E, since A C CE H i?i, we get 

Q> Cs{A,E) - Cs{A,C{E\J A)) = Y, {C,{A„E) - Cs{A„C{E\J A))). 

i^l,2 


Using the reflection T, since Ai is symmetric we get 

CsiA,,C{EuA)) = CsiA,,F), 


and hence 

CsiAi,E) - Cs{Ai,C{E U A)) = C,{A^,E \ F). 
As for the second term, 


Cs{A 2, E) - CsiA2,C{E U A)) = £s{A2,E\F)+ £,(^ 2 , F) - £,(£(^ 2 ), F). 
For every x,y G {xn < 0} we have 

\x-y\< \T{x)-y\, 

and hence 

Cs{A2,F)-CsiTiA2),F)>0. 

Putting everything together we get 

0 > £,(Ai, £ \ F) + £,(A2, E\F) + [£,(^ 2 , F) - £,(£(^ 2 ), £)], 

and all three terms are nonnegative, so they must all be equal to 0. 

This can happen only if IA 2 I = 0 and either |Ai| = 0 or |£ \ F| = 0. 

If I All = 0, we’re done. On the other hand, if |£ \ £| = 0, we can repeat 
the same argument with the hyperplane {xn = — e} for every e > 0 small and 
in this case we have |£ \ F| > 0. Letting e tend to 0, we get the claim. 

□ 
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Now we state and prove the main result. 

Theorem 4.8. Let E be a supersolution in Bn, with 0 € dE. Suppose that 
B2{—2en) C E. Then 

limsupXf [iil](0) < 0. 

(5-s.O 


Proof. Fix (5 > 0 small and 0 < e ^ <5. 

Denote by the distance of x from the sphere 9i?i+e(—e„) and let T be the 
radial reflection with respect to the sphere 9i3i+e(—e„) in the annulus dx < 25, 
i.e. 


X + T{x) 
2 


+ Cn 


(1 + e) 


X + en 
\x + e„| ■ 


It can be shown that 

|detDr(a;)| < 1+ (7^:^ < 2, (4.6) 


since dx < 25 and 5 is small, and 


\T{x) - T{y)\ > (1 - cmax{dx,dy})\x - y\, (4.7) 

for every x, ,y G {z G \ d^ < 25}. 

We want to define a small perturbation A near the point 0, in such a way that 
we can exploit some sort of cancellation given by T, in order to control the 
difference Jbr{E) — Jb^(AU E). 

We define 

A := i?i_|_e(—e„) \ if, 

A+ ■.= T{A-)\E, A:=A-UA+. 


Notice that 

A C i?i+e(—e„) \ i? 2 (—2e„), 
and hence, if e is small enough, 

A c B 2 ^ CBs C Bn. 

We decompose A in two disjoint sets, with Ai = T{Ai), i.e. 


Finally let 


Notice that 


and 


Therefore 


A^-.= T{A+)\JA+, T2:=^\AiCA-. 

E :=r(B5nC(SUT)). 

Bs n C{E UA)cBsn CBi+,{-en), 
T{Bs n Ciii_|_(;(—e„)) C Bs f] i?i+e(—e„). 

E c{Bsn Si+,(-e„)) \A- cEDBs. 
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Now, since A C Bn n CE and i? is a supersolution in Bn, we get 


0> £s{A,E) - £s{A,C{EU Aj) 

= £s{A, E\Bs)+ £s{A, E£Bs)- £s{A,C{E U A) n Bs) 

- £s{A,C{E\jA)\Bs) 

= [£,{A, E\Bs)- £s{A,CE \ Bs)] + £M, E \ F) 

+ [£M,P)-^s{A,T{F))] 

> [£s{A, E\Bs)- £s{A, CE \ Bs)] + [£s(A F) - £M, T{F))] 
=: J1+/2. 


For simplicity in the following inequalities we will always write C for the 
constants appearing, understanding that it changes when necessary. 

We first estimate £ 




1 


{xE{y) - xcE{y)) 


1 


1 


< 


1^1 Ja \Jcbs VF-2/1 

^ ^ ^ ^ ^dx)dy. 


n+s |y|n+s 

1 

_ y^n+s |y|n+s 


dy j dx 
dy 


/CBs 


1^1 


'- 2/1 


n+s 


\y\ 


n+s 


We know that for every x G A and y € CBs 


= {n + s) 


]x-y\^+^ |y|n+s 


1 


l?l 


n+s +1 


\x-y\- 


for some point ^ lying on the segment with endpoints x and x — y. 
Moreover, since A C B 2 ^, we have 


\x-y]- Iz/ll < 2v^, 


and hence 

<CA min{|y|,|x-y|}-("+^+i). 

For every fixed y € CBs we can split A in the two sets 

Si:={xeA]]x-y]> |j/|}, S 2 ■■= {x e A]]x - y] < |y|}. 


1 1 

|x-y|”+® |2/|"+^ 


52 



On the second set we have 


>CBs 


1 


\x-y\n+s |y|n+s 


<CVe ^ 


dx j dy 
1 


dx ) dy 


CBs |a;-2/|”+'*+^ J 






1 


U \x-y\ 

1 


n+s+1 


A \JCBs 


\x — y|n+s+l 

1 


dxj dy 
dy \ dx 


A \JCB: 


= cyi 


-2v^ 

1 


\An+s+l 


dz dx 


ICB, 


-2v^ 


\An+s+l 


dz 


where in the last inequality we have simply translated z = x — y in the inner 
integral. Since e <C we get 


cyi / 

JOB, 


(5 — 2,/e 


1 

lAn+s+l 


dz<Cy^ J 


CBs/2 


n+s+1 — 


As for the first set Si, we simply have 


yCBs 


1 


1 


\A\ Jsi 

\x - 

_y\n- 

< Cx/e 

[ 1 



ICBs 

< CXI 

[ , 



ICBs \ 

< CeC^S-^-^ 


dx I dy 


1 


dx^ dy 


1 


\y\ 


n+s+1 


dy 


Therefore 


1 






(4.8) 


To estimate I 2 we write 

I2 = [Cs{Ai,f) - r/Ai,r(F))] + [£/A 2 , f) - LM2,t{f))]. 
Changing variables via T, since Ai = T{Ai), we get 


£,(Ai,T(F))=£,(T(Ai),T(F)) 

_ f f \detDT{x)\\detDT{y)\ 

~ Ja, Jf |T(a:)-T(y)|"+^ 

f 1 + C n\ax.{dx, dy\ 


dx dy 


< 


lAi JF 


\x-y\ 


n+s 


= £siAi,F) + C f f 

J Ax JF 


dx dy 
Tn&yi{dx, dy} 


■-y\ 


n+s 


dx dy, 
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where we have used (4.6), (4.7) and Taylor expansion. 
Since for every x ,y G i3i+e(—e„) 

\x-y\< \x-T{y)\, 

and A 2 C A~ c i?i+e(—e„), F c i3i+e(—e„), we have 

uA..nF)) = / •‘y^ 


1 + Cd. 


\x-y\ 


" dy 


n+s 


<Cs{A2,F) + C [ [ 

JA 2 JF 


Therefore 


-h<c 

We want to show that 


maxidj;, dy} 
\x - 2 / 1 "+'* 

maxima;, dj,} 


— dx dy. 


aJf \x-y\^+^ 


dx dy. 


(4.9) 




Then, since Ii +12 ^ 0, we have 




and hence from (4.8) we get 

[£;](0) < < C6^-^ + o(e) + 

Passing to the limit e —)■ 0 we obtain 

i![e]{o) < 


(4.10) 


and this concludes the proof. 

We are left to show (4.10). 

We begin by estimating the contribution in the integral in (4.9) given by x 
outside e„), i.e. x G A'^. 

Recall that T{A^) C A~ and |detIlT(x)| < 2. Therefore changing variables 
via T we get 


dx 


m.a^^{dx , dy} 


lA+ 


- y\ 


n+s 


dy = 


/T(A+) 


I det DT{x)\dx 


r maxjda; ,dy} 

'f \T{x) - 


dy 


and hence 


-I 2 < C 


<2 

< 2 

L 


dx 


dx 


f maxjda, ,dy} 
'f \T{x) - y|"+« 
f max{ da;,dy} 


dy 


dx 


Jf \x-y\^+^ 

maxjda; ,dy} 


dy, 


'-y\ 


n+s 


dy. 
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For a fixed x G A we can distinguish the cases y G B 2 d^ (x) and y G CB 2 d^ {x). 
Also recall that F C Bg and A~ C Bg. Then 


f maxjda;, dy} 

\x-y\'^+^ 


dy < 


mayi{dx ,dy} 


dy 


< 


f max{dx,dy} 


i^n+s 


< 


' B2s{x)\B2d^{x) \x 2 / 1 " 

fdrj 

hd^ JdBr(x) 

fdrj 

hd^ JdBr(x) 

r2S 


+s 


dy 


max{d^,dy} 


dU^-^y) 


^n+s 


dn^-Hy) 


= nUJn 


„n— 1 


'2da. 


pn-\-s 


dr 


1 — s j 

< C5^-\ 


r2S 


2d^ 


-^r^-^dr 

dr 


Integrating on A we obtain the fist term of the right hand side in (4.10) 

maxjfia:, dy} 


dx 


■dy < C\A\5 


l-s 


Ja- JF\B2d^{x) |a: - 2/|"+® 

On the other hand, if ?/ G B 2 d^{x), then since A~ C i?i+e(—e„) \ i? 2 (—2e„), 

maxima; , dy} < 3dx < 3e, 

and hence 

f 1 


dx 




I A- JFnB2dJx) \x-y\^+'^ J A-J Fr]B2dAA ~ 

< 3eC,{A-,F). 


dx dy 


Therefore 

-I 2 < C\A\5^-^ + CtCs{A-,F). 

To conclude the proof it is now enough to prove the following 
Lemma 4.9. There exists a sequence e —>■ 0 s.t. 


eCs{A-,F)<Ce^\A-l 

for some rj G (0,1 — s). 

Proof. Since A is a supersolution in Bn and A~ C CE n Bn, we have 


C,{A~,E) < £s{A-,C{EU A-)). 

Therefore, since i?i+e(—e„) C A U A~, we get 

Cs{A-,F) < CsiA-,E) < Cs{A-,C{E\J A-)) 
< Cs{A ,Ci3i+e(—e„)). 
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For every x € e„) we have 

f 1 


dp < 


JcB,^,(-e„) la: - 2/|”+* - la: - y|"+^ 

We denote 

a(r) := n^-\CE n aBi+,(-e„)), 
for every r € [0,e). Then 

1 


dy<Cd-^. 


Ls{A ,CBi+^{-en)) = [ dx [ 
J A- JC 


A- ycBi+,(-e„) |a:-J/|"+' 


dy 


<C rf-" dx 
J A- 

= C r dr f 


/O JCEndBi+r-i-er,) 


{e-r)-^dH^-\x) 


= C f a{r){e — r) ^ dr. 

Jo 

In order to prove the claim, we show that for a sequence e —>■ 0 we have 
e f a{r){e — r)~‘dr < f a{r) dr = \A~\. 

Jo Jo 

Assume by contradiction that for all e small we have the opposite inequality 
f a(r)(e — r)“® dr > f a{r)dr. 

Jo Jo 


Integrating this inequality in e between 0 and A we get 

A — 

f a{r) dr > c{s,r])X^ f a{r)dr. 


(4.11) 


10 


10 


Indeed the left hand side gives 


I a «(>■)(«= ^ f^{e-r)'-‘dJjdr 

= - - / a{r){X — ry~^ dr 

1 - s do 


< -A^-® / a(r) dr. 

1 - S ,/n 


As for the right hand side we have 

^ a{r)dr^d€> J ^ a{r) dr^ de 


> 



,ri-l 


a(r) dr de 


- —e'^de a{r) dr 
V Ja de do 


= -(1-2-’') AM a{r)dr, 

V Jo 
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and we get (4.11). Let a := 1 — s — ij > 0] then (4.11) reads 


A — 

/ a{r) dr > cA““ / a(r) dr, 

Jo Jo 

and hence for every M > 0, if A is small enough, A < Aq, we get 

A - 

/ a{r) dr > M a{r) dr. 

Jo Jo 

If we take A = 2“^, with k> ko, 

12^ — k 2 — fc-j-i 2 — fc+2 

/ a(r) dr < M~^ / a{r) dr < M~‘^ / a{r) dr < ... 

Jo Jo Jo 






i(r) dr, 


.2-''o 

/ a{r)dr = \CE n Si_,_ 2 -f=o (-e™)| < |S 2 (-e„) \ Bi(-e„ 
Jo 


and we have 

^2-''o 

/O 

for every /cq G N. Therefore 

However, since is a supersolution in Bji, with 0 G dE and B 2 -k C Bn, the 
uniform density estimate gives 

|CL;n Hi+2-'-(-en)| > \CEr]B2-k\ > c2-^^. 

Choosing M = 2"+^ we obtain 


for every k > ko, i.e. 

„ ii- c 

2~^ > _ 

“ C2(”+i)'=o ’ 

which yields a contradiction once we choose k big enough. 

This concludes the proof. 

□ 


□ 


Scaling and traslating we get 

Corollary 4.10. Let E be a supersolution in the open set LI. If x G dE H LI 
and E LLI has an interior tangent ball at x, then 

limsuplf [i?](a;) < 0. 

5->-0 


57 





Now let i? be a supersolution in fl, with x G dE n 17. 

Suppose we have an open set F which is contained in E and touches E in x, i.e. 
F C E s.t. X G dF, and suppose dF is in a neighborhood of x. 

Then, since dF is near x, we can find an interior tangent ball at x, i.e. 


Br{y) C F s.t. X G dBr{y) n dF. 


Taking a smaller ball if necessary, we can suppose that Br{y) C 17. 

Clearly, since F C E and x G dE C dF, Br{y) is also an interior tangent ball to 
E in X. Therefore previous Corollary gives 

limsupXf [if](x) < 0. 

6^0 


Since F is regular near x, we know that the fractional mean curvature of F at 


X is well defined. Moreover (4.5) gives 


I![F]{x)<I![E]{x) 


and hence passing to the limit i5 —>■ 0 we get 


Xs[F](x) < 0. 

This proves that a supersolution is also a viscosity supersolution, in the following 
sense 


Corollary 4.11. Let E be a supersolution in the open set 17, with x G dED 17. 
If F is an open set contained in E with x G dF and s.t. dF is near x, then 

Is[F]{x) < 0. 


Remark 4.12. Notice that if if is a subsolution we get the analogous statements 
just by considering CE, which is then a supersolution. 

For example, if we have an exterior tangent ball at x € dE C 17, then 

lim inf if [if] (x) = — limsuplf [Cif](x) > 0. 

5-s-O 


In particular, when E is minimal we have both inequalities and hence we 
get the following 


Corollary 4.13. Let E be an s-minimal set in the open set 17. If x G dE C 17 
and E has an interior and an exterior tangent ball at x, both contained in 17, 
then 


Is[E]{x)=0. 


The above Corollary says that an s-minimal set is a classical solution of 
the zero fractional mean curvature equation (4.1) in every regular enough point 
X G dE n 17. 


As a consequence of the Euler-Lagrange equation we can also improve the 
comparison principle shown earlier. If the boundary of E is contained in a strip 
outside of 17, then it is contained in the same strip also inside 17. 
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Corollary 4.14. Let E he an s-minimal set in the bounded open set n. If 
{xn < a}\il C E C {xn <b}\n, 


then 

{xn <a}cEc {xn < b}. 

Proof. We only show that 

{xn <a}cE, 

the other inclusion being analogous. 

It is enough to prove 

inf Xn > a. 

xGdE 

Notice that by hypothesis we know 

a < inf Xn < b, 

xGdE\Cl 

and, since 12 is bounded, 


inf Xn < inf < supa;„, 
x^dEnCi xGQ, 

so that infxedE Xn is finite. 

By contradiction suppose that 


inf Xn < a. 

x^dE 


Then we can traslate an hyperplane {xn = t} until we touch dE. 

We can suppose that the contact point is a; = 0 G dE n 12 and that the tangent 
hyperplane is = 0}, with 0 < a < b. Since P := {x„ < 0} C iii and 
0 e as n dP, 

ixsiy) - xcE{y)) - {xp{y) - xcpiy)) > 0, 
for every j/ G K”. Let T denote reflection across {xn = 0}; then changing 
coordinates via T we get 



xcpjy) 

|y|„+. 



XCp{T{y)) 

|T(y)|n+« 



xp{y) 

\y\n+. 


dy, 


so that Xf [P](0) = 0 for every <5 > 0. 

Moreover the Euler-Lagrange equation for E gives 


limsupXf [S](0) < 0. 
(5-s.O 


Therefore 


0 < limsup / («(i/) - )tCE(!/)) - fapfa) - )tcpfa)) 

= limsupXf [S](0) < 0, 

(S-s-O 


which implies XE{y) = Xp{y) s-e- y G M", i.e. E = P, but this contradicts the 
hypothesis 

{xn < a}\fl C E. 


□ 
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Taking thinner and thinner strips we get the following 


Corollary 4.15. An hyperplane is locally s-minimal, meaning that it is s- 
minimal in every bounded open set C K". 


Remark 4.16. We can think of equation (4.11 as saying that 


-(-A) 2 {xE - Xce) = 0 along dE, 


if we think that a point xq G dE belongs both to E and CE. To be more precise, 
following the notation of Section 1.2, we define 


f 1 , y & El, 

XE{y) := < 0, ye dE, 

{ y G Eq. 


Then, if \dE\ ^ 0 we have XE{y) = Xsiy) - XCE{y) a.e. y e M”. 
Therefore for every xq G dE and d > 0 


Jc 


xsiy) - xcE{y) 


CBsixo) ko - y|”+ 

f xe{xo) - XE{y) 

lcB/i{xo) 1^0 - 


dy = 


f XEjy) 

'CBs{xo) — yY^^' 


dy 


dy, 


and hence passing to the limit 5 —>■ 0 formally yields 


Is[E]{xo) = -(-A) 2 (xb)(xo). 


4.3 First Variation of the Fractional Perimeter 

First of all we show that the fractional mean curvature is continuous with respect 
to convergence of sets. 

Definition 4.17. If E and E^ are bounded open sets with boundary, we 
say that Ek —>■ E in if \EkAE\ —>■ 0 and the boundaries converge in the 
sense, meaning for example that they can be described locally with a finite 
number of graphs of functions which converge in C^. 

Proposition 4.18. Let E and Ek be bounded open sets with boundary s.t. 
Ek — > E in and let Xk G dEk, x G dE s.t. Xk —)■ x. Then 

Xs[Ek]{xk)^Ts[E]{x). (4.12) 

Proof. Without loss of generality we can simplify a little bit our situation. 

We can suppose that x = 0 G dE and that the normal vector at dE in 0 is 
ee{0) = e„. Moreover notice that the translated sets Ek — Xk still converge in 
to E and 

XP[Ek - XkM =TP[Ek\{.Xk), 

for every p > 0, so that we can assume Xj, = 0 G dEk for every k. 

We can also rotate the sets Ek so that the normal vector in 0 is e„. Indeed, for 
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every A: e N let TZk & SO{n) be a rotation s.t. t^KkEkiO) = e„. Then we still 
have TLkEk —S' E in and 

Xf[7^fci?fc](0)=If[i?fe](0), 


for every p > 0. 

We begin by showing that far from 0 the convergence of the sets is enough. 
Indeed, let A C K" be s.t. <Z A for some r > 0. Then 

which tends to 0 as A: —>■ oo. 

Therefore we only need to study what happens near 0. 

We work in the cylinder 

A = Kr := B'^ X (-r,r) = {{y',y„) S K” | \y'\ < r and 2 /„ e {-r,r)}. 

Taking r small enough we can write 

Ef]Kr = {{y',yn) e K” I y' G -r <yn< u{y')}, 

with u G C‘^{B'j.) s.t. u(0) = 0 and also Vu(0) = 0, since 1 ''_e(0) = 0. 

Using our assumptions we can also write for k big enough 

EkilKr = {(y',yn) G K” | y' G B', -r < y^ < Uk{y')}, 

with Uk G (7^(B') s.t. Mfc(O) = 0, Vufe(O) = 0 and Uk —S' u in C^(B'^). 

As shown in |13] . we have an explicit formula to calculate the contribution 
to the fractional mean curvature of B in 0 coming from K^, 


|(BfcAB)nCA| 

j^n+s 


p.v. 



xsiy) - xcEiy) 

■ \y\n+s ' 


dy = 2 



I rw dt \ 

yJo \i+p)^' j 


dy' 

|y/|ri+s—1 ■ 


(4.13) 


We give a proof of this formula in the Lemma below. 

Notice that the right hand side is well defined in the classical sense. Indeed 
using Taylor expansion and our hypothesis on u we see that 


u{y’) 

\y'\ 


<\\\DMco(B'^)\y'l 


and hence 




dt 

(1 + A2)^ 


dy' ^i||r>2^i| f \y'\ 
lyr+^-1-2" JBi.\y'\''+^-^ 


/o P 

= i^Wu\\co - ' E 


,n+s —2 


dy' 

dp 
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Clearly formula (4.13) holds also for every E^. Moreover, using Taylor again, 
we see that 


u{y') - Uk{y') 


\y'\ 


< ^‘^'^k\\co(B'^)\y'\ < 2 !!“ “ “fcllc'2(B;)|2/'l- 


Therefore 

P.V. 


IK, 


XE{y) - xcsiy) , 


xe^ (.y) - xcEu (.y) 


\y\^ 




\y\ 


n+s 


dy 


= 2 


<y') 

/ ( ^ 

f iv'i dt 

dy' 

Jb','^Jo {1 + t'^)''^ J 

0 (l-l-t^)^/ 

^y/^n+s—l 


< 2 


u{y') - Ukiy') 


< 


IB',. \y'\ 


dy' 


\y'\ 


n+s —1 


1 — S 


r ||M-Mfc||C2(B;), 


which goes to 0 as /c —>■ 00 . 

Putting the two estimates together we get, 

|I,[if](0) - UE,m\ < ^ Cr^-^\\u - «fe||c^(s;), (4.14) 


and hence the claim. 


□ 


Remark 4.19. Actually, to get (4.14) it is enough to suppose that the sets 
Ek converge in the sense to E outside some small ball B centered at 0 and 
that inside B we can represent Ek and E as graphs, with the graphs of Ek 
converging to that of E in the C2 sense. 

In particular, if we are interested in the continuity of the fractional curvature 
only in 0, there is no need to ask (72-regularity of the boundaries far from 0. 


Setting Ek = E for every k we trivially get the following 

Corollary 4.20. Let E be a bounded open set with C'^ boundary. Then the 
function 

Xs[E]i-):dE^R'', x^I4E]{x) 

is continuous. 


Remark 4.21. Notice that we can weaken our regularity assumptions on the 
sets involved and ask their boundaries to be only (7^’“ for some a > s and the 
convergence to be in the (7^’“ sense. 

Indeed, suppose we can write 

EnKr = {iy,yn) e M” | y' e R', -r <yn < u{y')}, 

with u S (7^’“(R(,) s.t. u{0) = 0 and Vm( 0) = 0 and a > s. Then the mean 
value theorem gives 

\u{y')\ < |Vn(e)| \y'\ = \X7u{0 - Vn(0)| \y'\ < |1 Vri||co.. 1^1“ l^l 
<lkllcc.|yT+“. 
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Since we are asking a > s, this inequality is enough to guarantee that the right 
hand side of (4.131 is well defined, 


\y'\ 


dt 


lo (1 + ^2)"^“ |j/' 


^ S ll“llc- 


\y 


/|n+s-l 


pr n-2 

= \\u\\c^..n-^{S--^) / S,_,_, dp=\\u\\c^, 

Jo P 

Once we have formula (|4.13[), arguing as above we find 




P.V. 


XE{y) - xcsiy) 


iKr- 


\y\ 


n+s 


dy - P.V. 


XEk {y) - xcE, (y) 


f Kr 


|y| 


n+s 


dy 


||M - Ufc||ci.°(B;), 


and hence the convergence. 


Now we prove (4.13). 

Lemma 4.22. Let E be an open set with 0 S dE. Suppose that 
ErKr = {+, y-a) e K” I ?/' G B'^, -r <yn < u{y')}, 
with u G C^’°‘{B!^) s.t. u{0) = 0, Vm(0) = 0 and a > s. Then 


P.V. I .«(!') - J ^, 


^(y/) 

]y'\ 


dt 


B' \ Jo 


(1 + ^ 2 )+' I \y' 


7+T (4-15) 

,/|n+s—1 ^ ^ 


In particular the s-fractional mean curvature of E in 0 is well defined. 

Proof. We take 0 < p < r and split the set Kr \ Bp as 

Kr\Bp = {B'r \ B') X (-r, r) U {{y\ pn) \ y' G B' ?/„ G (-r, r) \ ttIjj')} 


=: + US2, 


where 


C 


-Eiy')-- - \y'?,\/p^ - W? 

We first calculate the contribution coming from Si. We have 

XE{y) - xcE{y) 


iKABr 

f XE{y) - xcE{y) 


Js^ \y\ 
-h + h, 


n+s 


dy = + 


XE{y) - xcE{y) 


'S2 


\y\ 


n+s 


dy 


and 
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We change variables ?/„ = \y'\t and we write for simplicity g{t) := (1 + t^) 
obtaining 




h = 


dy' 


Since the function g is even, we get 




h = 




In a similar way, we see that the contribution coming from S 2 gives 


— 


/ ( / X|y'|-i(-r,ti(yO)(^)(^ X\y'\-'^7T{y'){'^)) 9{'^) 

JB' ^ JR 

p 

- /x|y'|-H«(y'),-)W(l-X|y'|-i 

JR 


\y,\n+s 


-1 ' 


If we let 

U := {y' e B'p I u{y') e 7r(j/')}, 

then playing with the characteristic functions and using again that g is even, 
we see that 



Summing gives 



and, as remarked above 



< C ||u||ci.<»(b;)P“ 


which goes to 0 as p —)■ 0. 

Therefore passing to the limit concludes the proof. 

□ 
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Remark 4.23. In a similar context, we might want to have estimates for the 
difference between the fractional mean curvature of a set E with (7^’“ boundary 
and that of the set ^{E), where $ is a C^’“-diffeomorphism of M". For a detailed 
study of the estimates involved see m- 

Now it is convenient to switch our attention from graphs to level sets. 

We consider a function ip G Cf (M") s.t. Vv? 0 in < (^ < < 2 }, for some 
0 < <1 < t 2 - That (fi has compact support guarantees that the sets {p > t} 
are compact for every t > 0. Moreover V(/7 ^ 0 in {ti < ip < ^ 2 } implies that 
{p = t} is a hypersurface for every t G [ti, ^ 2 ]- 

In particular is well dehned for every x G {ti < p < ^ 2 }- 

For simplicity we write Et := {(p > t}, tor tGM.. 


Given x G {ti < p < ^ 2 }, we have for every p > 0 

X{ip>ip(x)}iy) ~ X{cp<(p{x)}{y) 


I^[E^^.)]ix) = 


ICBp{x) \x - y\ 

f sgn(p(y) - p(x)) 
IcBpix) 


n+s 


dy 


dy, 


where sgn is the sign function 



t > 0 
t < 0 ■ 


Since by symmetry 


sgn{Vp{x) ■ {y - x)) 


dy = 0, 


we get 


d^s{Evix)]{x) = 

= 2 


IcBpix) |x- 2 /|”+® 

f sgnjpjy) - p{x)) - sgn{Vp{x) ■ {y - x)) 

CBp(x) |x-2/|-+« 

f X{y\<fi{y)>ip{x),'Vip{x)-{y-x)<0}{y) 


dy 


lcBp(x) ^ \X - 

X{y\<p(y)<<fi(x),Vifi(x}-(y-x)>0}iy) 


\x - 2 / 1 "+'* 

We want to exploit this formula to show that the limit 


)dy. 


if[F;^(,)](x)^^x,[F;^(,)](x) 

is uniform in x G {ti < <p < ^ 2 }- 
To be more precise, since 

\d:s[Ey,{x)]{x) -Is[E^(a:)]{x)\ = liin |If[F;^(,r)](x) -Xf[F;<^(^)](x)| 

d— 


(4.16) 


= lim 
(5-).0 


XEp(pp^iy) - xcEp^p:^iy) 


I Bp{x)\Bs{x) 


- y\ 


n+s 


dy 
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we want to use the above formula to bound 

f (y) - (y) , 

independently on S, so that we can let <5 —> 0, then show that what we obtain 
goes to 0 as p —)■ 0, independently on x. 

Roughly speaking, we are going to show that the sets satisfy a uniform 

paraboloid condition, meaning that we have tangent inner and outer paraboloids 
with the same opening width for every x. 

Let X € {ti < (fi < ^ 2 }- Using Taylor expansion, 

\ip{y) - ip{x) - W(p{x) ■ {y - a;)| < ^||L>Vllco|y - 
and hence we have 

{y e M” I (p{y) > (p(x), v<p(x) • (y - x) < 0} 

= {y G M” I 0 < -V(p(x) ■ (y-x) < (p(y) - (p(x) - V(p(x) ■ (y - x)} 

C |y G M” |0 < • (y-x) < ^pVlIcoly - • 



|y G Bp(x) \ Bs(x) I 0 < -V(p(x) • (y - x) < ]^\\D'^ip\\co\y - x|^| 

C {y G Bp{x) \ Bs{x) I 0 < (|V<p(x)| - (y-x) 

= {j e B,{.) \ B,(.) I 0 < e . („ - *) < - ^))»} 

c |y e Bp(a:) \ B,(a:) I 0 < e ■ ()/ - x) < - x))^|, 
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which is a paraboloid whose opening width is independent of x, as wanted. 
Now we obtain 


'^{y\v{v)>v{x),v^p(x)-{y-x)<0}{y) 


' Bp{x)\Bs{x) 


\^_y\n+s 

X 


dy 


\\D^-P\\p ;0 , , ,,,, i.y) 


< 


< 


{y\ 0 <e-{y-x)< -^-^(pe(y-a^))^} 


' Bp{x)\B5{x) 


'-y\ 


n+s 


-dy 




l"'l dt 


iB'p '■JO 
/n- 2 /( 5 n- 2 'i 


dz' 


7 I ^/In+s-l 


(l + t2)^/ |Z 

^ H»-2(S»-2) \\DMco ^1-.^ 
1-s inf{t^<^<t^} iVv^r 

which is uniform in d and does not depend on x. 
Reasoning in a similar way yields the same inequality for 


J Bp{x)\Bs{x) 

and hence we can estimate 


dy, 


\d:^[E,p(x)Kx) -d:s[E,p{x)]ix)\ < 4 


X{y\(p(y)<(p{x),V,p{x)-(y-x)>0}{y) 

\^_y\n-\-s 

^„-2(g„-2) WD^^Wco 


1-S inf{t^<<^<t2} |V(p| 


(4.17) 


which tends to 0 uniformly in a; € {ti < (p < 12 } ss p ^ 0. 

We have just proved the following 

Lemma 4.24. Let ip € s.t. Vp ^ 0 m {7i < (/? < 12 }, for some 

0 < ti <t 2 . Then the limit 


If[i7^(,)](x) (4.18) 

is uniform in x € {ti < p < ^ 2 }- 
In particular 

f IP[E^^^)]{x)dx^^ f l4E^(^^)]ix)dx, (4.19) 

Js Js 

for every S C {ti < p < 12 }■ 

Proof. We have proved the first assertion above. In more fancy language this 
means that the functions 


d^s[Ev(-)]{-) ■■{tl<p<t2} -^ ffi 

converge in L°° to Ts[E,p(-)]{—), and hence, since {ti < p < 12 } is bounded, we 
have also the convergence. 

□ 

We can now relate the difference between the s-perimeter of the superlevel 
set Et.^ and that of Et^, with the s-fractional mean curvature 
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Proposition 4.25. Let yi G s.t. V^p ^ t) in {ti < ip < t 2 \, for some 

0 < ti <t 2 . Then 


Ps{Et,) = Ps{Et,) - [ Xs[E^^^)\{x) dx. (4.20) 

J {tl<(/3<t2} 

Moreover for every W C K" s.t. {p > ^ 2 } CW C {p> ti} 

Ps{W)>Ps{Et,)- [ Xs[E^(^)]{x)dx. (4.21) 

JW\Et^ 

Proof. We remark that with our hypothesis Ig [E^(^x)\{x) is well dehned for every 
X & {ti < p < ^ 2 } and Proposition 4.18 implies that the function Xg[i?(^(_)](—) 
is continuous there. 

On the other hand recall that XP[E^p(^^)\{x) is defined for every x G K". 

Let A C K” be a bounded set. Then 


L:f[E^{x)\(.x) dx = f ( f 
4 Ja^Jr 


X{'r>ip(x)}{y) X{(p<'r(x)}iy) 

R’'\Bp{x) ll — 

f . ,,.^^Xc(0.p)(k-2/|) 

/ X.4(a;)(x{(p><p(a:)}(j/) X{(p<ip(x)}(,y)) I \n+s 

./k"xB" \x — y\ 

1 r 

{xa{x) - XA{y)) {xw>v(.x)}{y) - xw<v{x)}{y)) 


dy) 


dx 


dx dy 


‘xK" 


\x - y\‘^+^ 

As for the last equality, simply notice that 

X{ip>(p(x)}{y) ~ X{ip<tp{x)}{y) — ~ {X{ifi>ifi{y)}(.x) — X{ip<ifi{y)}{x)') , 

for every {x,y) G M” x M” s.t. p{x) ^ p{y), and then just exchange x and y in 
the integral. 

For a general bounded set A this gives 


-/ ^s[^v>(x)Kx)dx < ^ [ \xa{x) - XA{y)\ 
Ja ^ Jr^xr^ 




Ix-yl'- 

while if we take A = Et for some t > 0, we have 

{xw>t}{x) - x{v>t}iy)){x{v>v{x)}{y) - X{v<v(x)}{y)) = -\xeAx) - XEAy)l 
and hence 

iXc(o,p)(|a:-y|) 


-/ '^s[E^(x)\{x)dx=]- j \xeAx) - XEAy)\'- 

J Et ^ JR'^xR'^ 


- 2 / 1 ” 


+S 


-dx dy. 


(4.22) 

Now let {p>t 2 }cW’Z{p> ti}. If Ps{W) = 00 , then (4.21) is clear. 

On the other hand, if Ps{W) < 00 , then Lebesgue’s dominated convergence 
Theorem implies that 


lim - 
p —>0 2 , 


\xw{x) - X4v(2/)l dx dy = Ps{W). 


\x-y\ 
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Therefore 


[ \Xwix) - Xw{y)\ ^^?’''^ 1+/ dxdy >- f I^[E^(^)]{x) dx 
JR"xB" \X — y\ Jw 

^s[Evix)]ix) dx - ( XP[E^i^^)\{x) dx 


>W\Et^ 


'W\Et^ 


^S[E^(x)Kx) dx 


, I f I , ^ , ,|Xc(0,p)(|a;-2/|)^ J 

+ o / ^y) ~\ - In+s <^x dy. 

2Jr"xR" |x-y|"+« 

Since W \ Et^ C {ti < (f < ^ 2 }, previous Lemma guarantees that 

lini- / lP[E^(^^)\{x)dx = - j Xs[E^(^)\{x) dx, 

Jw\E,„ Jw\Et„ 


and hence passing to the limit p —)■ 0 proves (4.21) (notice that Et^ is a bounded 
set with boundary and hence Ps{Et^) < 00 ). 

To get (4.201 simply take W = Et^, so that 

iXc(o,p)(|a:-y|) 


[ \XE,, {x) - XE,, (y) I '!+/ dxdy = - f Xf[T;^(,)](a;) 

v/R"xR" \X — y\ ^ JEt^ 

'I-s\Eip{x)\{.x) dx 


dx 


'{ii<<p<t2} 


+ l [ \xEt^{x) - XEt^{y)\ 

2 7r"xR'* 

and pass to the limit p ^ 0. 


xc{o,p){\x - y\) 


- y\ 


n+s 


dx dy, 


□ 


As shown in |15] in the broader context of generalized perimeters and cur¬ 
vatures, previous Proposition is enough (actually equivalent) to show that the 
fractional mean curvature X^ is the first variation of the fractional perimeter Pg, 
i.e. to prove (4.2). 


Theorem 4.26 (First Variation of the Perimeter). Let E be a bounded open 
set with (7^ boundary and let : K" —> M" be a one-parameter family of 
diffeomorphisms of elass both in x and in t, with $0 =Id. Then 






IdE 


Xs[E]{x)ve{x) ■ 4>{x)dl-r ^(cc), 


(4.23) 


where (fix) := *(^)L=o p'Eix) is the outer unit normal at dE in x. 

Proof. We can write A = {tp > f} for some tp G (7^(M") with V(p ^ 0 in 
(see Appendix C). Moreover notice that, since is in t and 
4)0 =Id, for |t| small we have 


^t(E)AE C NMitl(dE), (4.24) 

the (M|t|)-neighborhood of dE, for some M > 0. 
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Therefore, for |f| sufficiently small, we can construct a diffeomorphism 
s.t. = Id outside N2M\t\{9E), and in particular out of < (^ < |}, 
^t{E) = ^t{E) and ||l>t — Id||c 2 —0 as t —>■ 0. 

In particular we have Ps{^tiE)) = Ps{^tiE)). Moreover, since 


$ 


,{E) = ^t{E) = |(pol>( 1 > i|. 


and 


using ( |4.20 1 we find, for |t| small enough, 

PsiME)) - PsiW > 7/8}) = PsiW o > 1/2}) - Ps{{<P o > 7/8}) 


{l/2<i^o$7^<7/8} 

{^s[E^^^-i^^)]{x)-X,[E^^^)\{x)^dx 

I Xg[E^f^j.'j^(^x) dx. 

l<S>t{E)\{v> 7 / 8 } 


lit{E)\{<p> 7 / 8 } 

j 

I N^M\tdaE)n^t{E) 


Now 


L 


^2M\t \ {dE)n^t{E) 


[^v>oi>r'(x)] i^) - ME7>ix)Kx)^dx 

[ 7 ^,^o'i>y^(a;)] (x) — Ts\E^(^x)\{x) 


'N 2 M\t\{.dE) 


dx, 


and by Proposition |4.18| 

\\'P■s\E^pQ^-^^^^x)\^^) ~ 7is[-E'(/3(a;)] ( 3^)11 L“(Af2M|t|(a-E)) ^ 0) 


so that 


J N.^M\t\(aE)n<i’t{.E) 

as t —)■ 0. Therefore for |t| small we get 


{^s[E,^^^-l^^x)]i^)-d^s[E,f,(^x)\{x)^dx = o{t), 


PsiME)) = PsiW > 7/8}) - [ I,[E^^x)]{x) dx + o{t) 

J ^t(.E)\{f> 7 / 8 } 


and hence 




t=o dt 


I. 


•S>t{E)\{:p> 7 /a} 


'[E,p{x)]{x) dx'j 


t=o 


IdE 


Is[E]{x)i'e{x) ■ 4>{x) d'H'^ ^(x). 
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where the last equality is classical, see for example Proposition 17.8 of |30) . 

We give a sketch of the proof. 

We know that ) is a continuous function in {1/8 < v? < 7/8}. 

We can find a continuous function g G s.t. g{x) = Xs[E^i^x)\{x) for every 

X G {1/4 < ip < 3/4}. Then, since we have ( |4.24 1 and dE = {p = 1/2}, for |t| 
small enough we obtain 



We suppose for simplicity that g G (7^(11"); in general we would need to 
approximate g with functions and then show that we can pass to the limit. 
Let fl C K" be a bounded open set s.t. E CC fl. Then we can write 


$((a;) =x + t4>{x) + 0{t^), D^^t{x) = I„ + tD(j){x) + 

as t —> 0, uniformly in a; G fl. As a consequence it can be shown that 


I det Dx^t{,x)\ = 1 + t div (j){x) + 0{t^), 


uniformly in a; G fi, as t > 0. 

Then changing variables and using the divergence Theorem we find 



g(x) dx 


/ g{x)dx 
J E 



E 


{g{x + t4>{x) + 0{f))\det D^^t{x)\ - g{x))dx 



□ 
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Chapter 5 

Regularity of Nonlocal 
Minimal Surfaces 


Remark 5.1. Again, in this chapter we suppose that every set satisfies (1.16). 


5.1 Flatness Improvement 


In this section we exploit an improvement of flatness technique, similar to the 
one used in the classical case (see Chapter 1), in order to show that the boundary 
of an s-minimal set is a graph in a neighborhood of every point which has 
an interior tangent ball. 

The main result is the following Theorem, from which we can easily obtain 
our regularity, see Theorem 5.6 below. 

Roughly speaking, the idea consists in showing that if dE is contained in 
some cylinder, in a neighborhood of xq S dE, then in a smaller neighborhood 
it is actually contained in a flatter cylinder, up to a change of coordinates. 


Theorem 5.2 (Improvement of Flatness). Let s € (0,1) and fix a G (0, s). 
There exists ko = kQ(n,s,a) s.t. the following result holds. 

Let E C M" be s-minimal in Bi, with 0 G dE, and assume that 

dEnB2-. C {\x-iyi\ < 

for every i G {0,..., ko}, for some Vi G 

Then there exist vectors Vi G for every i > k^ s.t. the above inclusion 

remains valid, i.e. 


dEr^B2-^ C {\x-i^i\ < 


for every i G N. 

If we dilate everything by a factor 2^, we get 

d{2'^E) n B^k-, C {|x • = {|a: • 

Also notice that we can start with a set E which is s-minimal in B 2 , rather than 
only Bi, and this guarantees that 2^E is s-minimal in B 2 k+ 2 , so if we slightly 
translate E we still have an s-minimal set in B 2 k+i. 
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Let Cfc := 2 The situation can then be reduced to the following. 


CLAIM: There exists a universal fcp € N s.t. if F C M" is s-minimal in 
B 2 k+ 2 , with k > ko, and 

dF n 823 C {\x ■ v'jl < for every j S { 0 ,..., k}, 

then there exists i''_i s.t. 

OF n Bi /2 C {|a; • F_i\ < 0 ^ 2 “^““}. 


Notice that up to a rotation we can always suppose that Vq = e„. 

We define the flatness of a cylinder to be the ratio between its height and the 
diameter of the base. 

Roughly speaking, requiring flatness of dE n Bi of order ak , but also flatness of 
order afc2®“ for all diadic balls 52* from Bi to 821 =, i.e. until flatness becomes 


of order one, gives flatness of order 0^2 “in B 


1/2- 


If we manage to prove this, then scaling back and forth we get Theorem 5.2 
by induction on k > ko. 

The proof is by contradiction. Suppose that for every k there is a set Ek C K" 
which is s-minimal in B 2 k+ 2 , s.t. 0 S and 

dEk n B23 C {|a; • v^\ < afc2'^(“+^)}, for every j G {0,..., fc}, 


for some G with z/q = e„, but s.t. ni?i/2 cannot ht in any cylinder 

of flatness 0 ^ 2 ““. 

Then we show that the rescaled sets 

dEl ■.= {{x' ,—)\{x\xr,) € dEk] 
y ak' ' ) 


converge (up to a subsequence) to a plane P = {x-v = 0}, uniformly on compact 
sets, reaching a contradiction. 

To do this we first show that there is a limiting set F, which is the graph of 
an Holder function u. Then we control the growth of u at infinity and we show 
that it is a ^^-harmonic function. This will imply that it is actually linear, 
concluding the proof. 


One of the main tools is the following geometric Harnack-type inequality. 

Lemma 5.3. Let s G (0,1) and a G (0, s). There exist fco € N and S G (0,1) 
which only depend on n, s and a, for which the following result holds. 

Let k > ko and let a := 2“*^“. 

Let E C K" be s-minimal in B 2 k +2 and assume that 

dE r\ Bi Cl {\xn\ < a} (5.1) 

and, for every i G {0,..., k}, 

5FnF2> C {|a;-z/i| < a2*(i+“)}, (5.2) 

for some Vi G Then 

either dE (1 Bs C {x„ < o(l — <5^)}, 

or dE n Bs C {xn > a{—l ^ ^ 
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Proof. Given y G dE n i?i /2 we have for every z G {0,..., fc — 1} 

^Er^B 2 ^{y) C c ^Er^B 2 ^+l C {|x-i^*+i| < 

and also 

Thus 

^Ef^B^.{y) C {\{x - y) ■ < 2a2(*+i)(“+i)}. 

This provides some cancellation for the integral of the contribution coming 
from CBi/ 2 {y) to the s-fractional mean curvature of E in y, yielding 




Xe{x) - xce{x) 


dx 


< 


ICBiiy) 

2 

/ 

IB^k-i {v)\Bi (y) 


X — y |"+® 

Xe{x) - xce{x) 
'x — 


dx 


■ [E]iy)\ 


fc-i „ 

§ J B^i{y)\B.^i-i(y) 


Xe{x) - xce{x) 


\x-y\ 


n+s 


dx 


-2*2"'='* 


k-1 


< c 


< c 


k-l 2 ‘ 

{S.L 


X{| (a:—|<2a2(*+i)(“+i) } (^) 


n+s 


^2(^+l)(a+l)7-^-2 


2=0 ' 


pn-\-s 


\x - y\ 


dr+ 2-'="} 


dx + 2 


— ks 


< Citt, 


since a < s, for some Ci = Ci(n,s,a) > 0. 

Since by hypothesis dE n i?i C {ja^nl < o.}, we can assume that 

{xn < —a} D Bi C E. 

We also assume that E contains more than half of the measure of the cylinder 

D := {|a:'| < d} x {\xn\ < a}, 


i.e. that 

Then we show that 
which implies 


\EnD\> -\D\=uJn-iS^^~^a. 


{xn < a(-l + d^)} n Bs C E, 


dE D Bs C {Xn > a(—1 + d^)}. 


(5.4) 

(5.5) 


Suppose that (5.5) doesn’t hold. Then there is a portion of dEflBs trapped 
in the strip {—a < a;„ < (—1 + d^)a}. 

Now we slide the plane Xn = t upwards, starting from t = —a until we first 
touch dE. Let y G dE H be a contact point; then 


\y'\ < d and — a < y„ < (—1 + d^)a. 
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Since 


{Xn < Vn} DBs C E, 

we can touch dE in y with an interior tangent paraboloid of opening — |. 

To be more precise, let P be the (interior of the) subgraph of the paraboloid 


= -^\x - y 


02 


Vn 


Then 

and 


PnBsC{xr,< yn}nBs C E 


{dP n dE) nBs = {y}. 
In particular from Corollary |4.10| we have 

limsupl('[i;l]( 2 /) < 0 . 

p—>-0 


(5.6) 


On the other hand 
P.V. f 


Xe{x) - XCi3(aO^^ 


n+s 


Xp{x) - Xcp{x) 


\x - y\ 


n+s 


dx + 2P.V. 


IBi (y) 


XE\pix) 

\x-y\n+s 


dx 


Js.iy) \x-y\ 

2 

= P.V. 

JBi {y) 

2 2 

=: Ii + h, 

and it is readily seen that 

II > —C 2 CL, 

for some C 2 = 02 (n, s) > 0 (see the calculations in Section 4.1 and also Lemma 


4.22). Moreover, since 5 and a are very small, we have D C Bi/ 2 {y). Also, 
taking fco big enough, we assume that a < S. 

Using (5.5) we can estimate 

\{E\P)nD\ = \EnD\-\PnD\>^\D\- |S' x {-a <Xn< (-1 + 52)a}| 
= = ^\D\, 

provided that 6 '^ < 1. Now we have 


h > 2 


XE\p{ct 


>D 


\x - y\ 


dx > 2 


n+s — 


f D 


Xe\p{x) 

(4<5) 


n+s 


dx > C 3 S ®a. 


for some O 3 = 03 ( 71 , s) > 0, where we have estimated \x — y\ < |x| + \y\ < 45, 
since both x and y belong to D C B 25 . 

Putting the three estimates together we obtain 

liminf [0](j/) > (-O 1 - O 2 + 035 -^-®)a > 0, 

p —>-0 


once we choose 5 small enough. But this contradicts (5.6), concluding the proof. 

Notice that if E doesn’t satisfy (5.4), then CE does, and arguing as above 
with CE in place of E yields 

dECBsC {xn < a(l-5^)}. 


□ 
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In any case this provides flatness of order a(l — i5^/2)/d for BE n B^. 
Indeed, suppose e.g. that the second inclusion in (|5.3[) is satisfied. Then 


BE 


f^Bs C {(-I + (5^)a < Xn< a}, 


(5.7) 


which is a cylinder with base diameter 2S and height (2 — S^)a. 

Now we want to apply Harnack inequality again. 

I r 2 

Suppose we have (5.7) with k ^ ko and let t := ^ a. If we translate E down¬ 
wards by t, then 

B{E - te„) n Bs /2 C ^ + y) ^ ^ “ y) }> 

hence if we dilate by a factor 2/(5, we get 

ni?i c 


a < a;n < 


2 -S^ 




Notice that 

and let 

so that 

and 


2-(52 


- a > a, 


{/eN|2-“^>^^a}, 


k' := max 

a' := 2-“'=' > a ^ k' < k, 
BE n i?i C {—a' < Xn < a'}, 

— Mq 


where F ■= f(£5 — ten)- 

Notice that we can take 5 of the form 5 = 2 
Now for i > 1 

BFnB^^ C di^E) 0^2.+! = 2^«+^{BE n B 2 i-Mo ) . 
If i < Mq, then B 2 i-Ma C Bi and hence 

BFnB 2 ^ C {\Xn\ < 2^«+Y}. 

Since for every 5 > I 

d 0 

we obtain 

BE n B 2 ^ C {\x ■ v[\ < 2*(i+“)a'}, for 0 < 5 < Mq 

with i/' = e„. 

On the other hand, for Mq < i < k we get using (5.9) 

BFnB2. C2^°+^{\x■J^Mo-^\ < 

C {\x-v'^ < 2*(i+“)a'}, 


2 - ^ 2i+“ < 2i+“a' < 2*(i+“)c 


(5.8) 


(5.9) 
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with v[ = VMo-i- 


Notice that these inclusions hold for 0 < i < A: and hence in particular for 
0 < i < k'. Therefore, if k' as defined in (5.8 1 is s.t. k' > fco, we can apply 
Harnack inequality to the set F and get 


either dF n C {xn < a^(l — 
or dF n C {xn > a'(—1 + 5^)}. 


Since 


2-^2 


a, 


(actually we can take this as an equality, since Harnack inequality would still 
hold), scaling and traslating back, we get flatness of order (|) (l — a for 
dE n B(^s/2 Y- 

Notice that the flatness increases but the height of the cylinder, and hence 
the oscillation of dE in the e„ direction, decreases. 

We can repeat the same argument and go on appliying Harnack inequality 
as long as the hypothesis are satisfied, that is until the flatness becomes of the 
order of oq := 2“^““. 

This gives flatness of order (|)'^(l — o- for dE n i?( 5 / 2 )j, until 


co(<5) log —, 
a 


with co{S) := (log|( 




(5.10) 


Notice that if a —)■ 0, then j —>■ oo. 

Clearly after slightly dilating and traslating the set E, we can repeat the 
above analysis and get the same estimate for every xq € dE C H 1 / 2 , that is, we 

have flatness of order c (|)'^ (l — YY^ B(^s/ 2 )i (a^o), until j becomes as 

in (5.10). Here c is a small constant appearing as a consequence of the scaling 


and does not depend on E nor a. 


Now we want to prove the CLAIM, so we consider our sequence of sets Ek 
as above. That is, for every k the set Ek C K” is s-minimal in i? 2 fc+ 2 , we have 
0 € dEk, and 


dEk n B 2 j C {|a; • < 0^2^^“+^^}, for every j S {0,..., k}, 

for some G S"“^, with i/q = e„. Moreover dE}~ n B 1/2 cannot fit in any 
cylinder of flatness 0 ^ 2 ““. 

We want to show that the flatness hypothesis on the sets Ek imply that the 
vectors cannot oscillate too much and must remain close to e„. 

Consider a set Ek and fix any index j. From the two inclusions 

dEk n B2, C {\x 
dEk n H2 ,+i C {|x • 

we deduce that 

Wj (5.11) 


78 





for some constant C > 0 independent of k and j. 

Therefore we get for every j > 1 

W^-en\ < + + =c(^2“)2-“'=. (5.12) 

i=0 

In particular, for every fixed j we have 


Now we stretch our sets in the e„ direction and consider the sets 

dE^ := I {x', —) I ix',Xn) e dEk\. 

I Ofc ' J 

Lemma 5.4. There exists a Holder continuous function u : — > K and a 

sequence ki oo s.t. if we define 

Aao ■■= {{x',u{x')) I x' e 

then dE^, —> A^o uniformly on compact sets, in the following sense. For every 
fixed K C K" compact, for any e > 0, 

^El^f^K C N^{A^)r]K, fork,>k{e). 

Moreover we have 


m( 0) = 0, |u(a:')| < (7(1 + 


Proof. We use a diagonal argument to prove the existence of such a function u. 
Then we estimate the growth of u at infinity using the flatness estimates of the 
sets Ek. 

We first consider the sets 

Ak := I {x', —) I {x',Xn) e dEk n Bij, 

I Qjf^ J 


which are contained in {|a;„| < 1}, and show that there exist a Holder function 
u and a sequence {ki} s.t. 71^. n {|a;'| < 1/2} lies in N^^A^o) H {|x'| < 1/2} for 
ki big enough. 

Suppose that 

Vo = {yo,yon) & Ak, with |?/o| < 1/2. 

From the discussion above about Harnack inequality, we know that 

1 Jv Jv2 

^fcn||y'-?/o| <} C ||yn-?/o„| < 2c(l-y) j, (5.13) 


for every j s.t. 


J <Jk 


c(S) log—. 


For the moment we fix an index jo and consider j < jo- 
big enough, say k > k{jo), inclusion (5.131 is satisfied. 

We show that Ak (7 {\x’\ < 1/2} is above the graph of 


Notice that for k 


jr2 

'i’voAy') ■= yon - 2c j - y^ - ey - yA 


(5.14) 
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where 9 and /3 > 0 depend only on S. 

Let {y', y'n) e AkC\{\x'\ < 1/2}, so that \y' — yg] < 1. Now we distinguish three 
cases: 


in) <W-y'o\<l, 

{in) ^<\y'-yo\<l. 


In case {i) our claim follows immediately from (5.131 with j = jg. 

In case {ii) we argue as follows. Notice that in this case there exists 0 < j < /g 

s.t. 

1/i5y+i , , , ,, , 1 


2 ( 2 ) - - 2 ( 2 ) 


(5.15) 


From (5.13) we obtain 


2c(l--) >|y, 


yOn 


By (5.15) and the fact that 0<i5/2< Iwe find 

-log(2|y'-y'|) 


j < 


log I 


< J + 1, 


and hence 


(-9 .■ r9 /■ - l°g(2|y'-Bnl) i'\ 

('4) ^(>4)'^^ * 

( 1 -f) ’ 


( 1 -f) 


o/31og(2|y'-yol) 


wh™,3:=.iSyi. 

Therefore 

|yn - yoni < 

which is the desired result with 9 := 


2^+ic 

2'’+T 

(1-f)' 


If - yof > 


Finally, eventually adding a constant to 9, the result holds also in case {in). 
Indeed in this case \y' — ygf > (1/2)^ and 


\yn - yOn\ < \yn\ + \yOn\ < 2. 

So we get the claim provided that 0(1/2)^ > 2. 

Notice that, as yg varies, are Holder continuous functions with Holder 
modulus of continuity bounded via the function 9t^. Therefore, if we set 


^k{y') ■■= sup 'i’yoAy')^ 

yo&Akn{\x'\<l/2} 

then ipk is a Holder continuous function, with Holder modulus of continuity still 
bounded via the function 9t^, and Ak n {|a;'| < 1/2} is above the graph of 
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Arguing in the same way, possibly taking 9 and /3 larger, but still depending 
only on <5, we find that, if we define 

^yo,fe(y') := yo,n + 2c(^i - + ey - yX, 

then Afc n {|a;'| < 1/2} is below the graph of $yo,fc. Again, we define 




so that (pk is a Holder continuous function, with Holder modulus of continuity 
bounded via the function and n {|a;'| < 1/2} is below the graph of <f>k- 
Thus Afc n {|a;'| < 1/2} lies between the graphs of tpk and pk for every 
k > k{jo) and, by construction, 

0 < Pk{y ) - Piy ) < 4:c{^i - Y) ■ (5-16) 

Also, for Jo fixed, by Ascoli-Arzela Theorem, letting k —>■ oo, it follows that ipk 
uniformly converges (up to a subsequence) to a Holder function which depends 
on jo, say pk —!■ . 

Analogously we find a Holder continuous function s.t. pk —uniformly 
(up to a subsequence). Moreover we have by construction that and 

that 


Aki n {|a:'| < 1/2} lies between 
the graphs of w~ — e/2 and wf + e/2, 


(5.17) 


for ki large enough. 

Now we let jo —>■ oo. Notice that by the construction of 9 and /3 above, the 
Holder constants of depend on S but are independent of jo. 

Therefore by Ascoli-Arzela Theorem we find that there exists a Holder contin¬ 
uous function u s.t. converges uniformly (up to subsequences) to u. By 
(5.16), also wf uniformly converges to u. 


"From (5.17) we get our claim. 


Using (5.12) we can translate the estimate for the flatness of ni? 2 j from 


an estimate in direction i/j to an estimate in direction e. 


n, for every fixed j. 

In this way we can repeat the above argument in bigger and bigger balls, getting 
a graph in the e„ direction. 

To be more precise, consider x € dEk n i? 23 . Then 




\x ■ e„| <\x-i^f\ + 2^|e„ - < afe2^(“+i) + 2^c(^ 2“) 


flfc 


i=0 


1-1 


< Cafe 2^ 2^“ -h C2^ak 2“ = Cafe2^ Y 2" 


2=0 


2 = 0 


oQ^O'+i) _ 1 , , 

= Cak2^ - < Cafe2^(“+i), 


which gives 

dEk n ^2. C {|a;„| < Cafe2^(“+1)}. (5.18) 
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We remark that the constant C is independent of k and j. 

Now we can consider the sets 

Al^ := | G dEk^ 052}- 

and repeat the argument above to obtain, in {\x'\ < 1}, the convergence (up 
to a subsequence) to the graph {{x',v(x')} of a Holder function v, which must 
coincide with u on {|a;'| < 1/2}. 

Proceeding in this way with the sets 

Al. := I G dEki nBaij, 


we get our claim via a diagonal argument. 

Clearly u(0) = 0, so we are left to prove the growth estimate for u. 
From (5.18) we know that for every fixed j 


Al, 


C {\Xn\ < 


for every ki. Then, since 

Al^ n ^ Aoo n = {{x', u{x')) I |x'| < 2^-1} 

uniformly, we obtain 

\u{x')\<2 °‘+^C2A°‘+^) in HP, 


for every j. 

This implies our growth estimate. Indeed, let x' G Then, if \x'\ < 1, 

we have |u(a:')l ^ ^ if x' G \ HP, for some /, we have 


1 + |a;'P+“ 


2(i+i)(“+i) 
— 2i(a+l) 


<2“+iC' sup 

i:G[0,C5o) 


1 + 2 d“+i) 


< 00 . 


□ 


Now we show that the function u found in previous Lemma must be linear. 
Lemma 5.5. The limit function u satisfies 

{-A)'^u = 0 


in the viscosity sense, and therefore is linear. 

Proof. Assume + |x'p is a smooth tangent function that touches u by below, 
say for simplicity at the origin. 

By construction of u we can find E s-minimal and a > 0 small, s.t. dE is 
included in a ae neighborhood of {{x',au{x')} for |a;'| < R and dE is touched 
by below at xq, with |xq| < e by a vertical translation of atp. 

From the Euler-Lagrange equation we know that 


lim sup - 
p-fO a 


tCBp{xo) 


XE - XCE 
|a:-a:o|”+'* 


dx < 0. 


82 







We are going to estimate this integral in terms of the function u by integrat¬ 
ing on square cylinders with center xq, i.e. 

Dr ■■= {{x',Xn) I \x' - Xgl < r, \{x - a;o) • e„| < r}. 

For simplicity we forget about the principal values in the following integrals. 
We fix 5 small and R large, and we assume a, e S. 


Since E contains the subgraph P of a translation of af, using Lemma 4.22 
have 


we 


1 


XE - XCE ^ 2 ; > i 


a Jds \x - xo 


_ a-An+s — 


Xp - Xcp 


a Jds F - 2;o 


dx > —C{ip)5^ 


Using the flatness hypothesis of E in the balls B^j , we know that 
dEnB 2 R{xo) C {|(a; - xq) ■ e„| < C{R)a}, 
for some C{R) > 0, and hence we get by symmetry 

XE - XCE 


i 


XE - XCE , 1 

ax =- 


Dh\Ds “ Xo|”+® 


a Ja\x- xo\^+^ 


dx, 


where 

A := {Dr \ Ds) n {|(a: - x^) ■ e„| < C{R)a}. 

Taking a small enough, we can assume that C{R)a < 6/2. Also notice that 
A C CBs{xo). Then for every x £ A we get 


\x' — Xgp > (5^ — |(a; — xq) ■ > <5^ — C{R)'^a^ > -6^. 

Now consider the function 

F{t) := {\x'- xX+ t\{x - Xo) ■ en\‘^) " , 


(5.19) 


so that 


We have 


1 


1 


\x - a;g|"+« 


\x' - a;'o|"+'* 


= |F(1)-P(0)|= 

Jo 


(t) dt 


F'{t) = - Xgp +t\{x - xg) • e„ 


\{x - Xo) ■ e 


2 

n I 5 


and hence we find 
^ F'{t)dt 




dt 


'o (|x'- x'o|2t|(x - Xg) • e„p) 2 




dt 


\x' — Xo|"+'’+2 


< C{R, 6 ) 0 ?, 


where we used (5.19) to obtain the last inequality. 

Then, using this and the fact that dE is included in a ae neighborhood of 
{(x',m(x'))} for |x'| < R, we hnd 


1 


XE - XCE , 1 

ax = - 


a Ja\x- Xg|"+® 


- I »2(..(x-)- ..W) + 0(e))^^, , 

|x'-x'o|"+- 


= 2 


n(x')-n(x(,)^x' + 0(e) + 0(a^). 


b’^\b', |s'-x'|"+- 
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We are left to estimate the contribution coming fom CDn. 

Let a = We argue as we did in the beginning of the proof of Harnack 

1 /2 

inequality to estimate Is' [E]{y), exploiting our flatness hypothesis for dEnB 2 i 
ior 0 < i < k. We have 



< -C(aR°‘-^ + a^+^) < + aP), 

a 


where ri = 

' a 

Putting these estimates together and letting £,0—7-0, we obtain from the 
Euler-Lagrange equation for E 



u{x') — u(0) 


1 n+s 


dx' < + R°‘-^). 


Letting <5 —)■ 0 and R ^ oo shows that it is a viscosity solution in 0 (we can 
repeat the same argument if u is touched from above). 


Then Theorem B.13 guarantees that u is linear, concluding the proof. 


□ 


This gives a contradiction, proving our CLAIM and hence Theorem 5.2 
From Theorem 15.21 we can deduce 


Theorem 5.6 (Regularity). Let a S (0, s). There exists cq = €o{n,s,a) > 0 
s.t. if E is s-minimal in Bi, with 0 S dE and 


dEnBiC {\Xn\ < Co}, 


then dE n i?i /2 is a surface. 


Proof. Let ko be from Theorem 5^ If cq < then E satisfies the 

hypothesis of the Theorem, with = Cn for every i G {0,..., kf)}, and hence 
there exist r-i S for every i, s.t. 


dE n B 2 -. C {lx • v,\ < 2-*(“+i)}. 


This implies 


Wi - v^+i\ < C2~ 

with C > 0 independent of i, and hence 


Ui —s- v{0), 

for some i'{0) G S"“^. Moreover we easily get by induction 


- i/(0)| < 2C2- 


Thus, if X S dE n i? 2 -* > 

|x • z/(0)| < |x • v,\ + |x |- i^(0)| < C'2-*(“+i), 
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and hence 

dEnB2-i C {lx - i^(0)| < C'2-*(“+i)}, 

for every i. 

This implies that dE is a differentiable surface in 0, with normal i^(0). 

If we take cq smaller, say cq < , then, after traslating E, we can repeat 

the same argument at every point xq € dE n B 1/2 and get that dE n B 1/2 is 
actually a C^'°‘ surface. 

□ 


Now we show that if an s-minimal set E has an interior tangent ball in 
some point, say Br{—ren) in 0 € dE, with r big, then dE n Bi must lie below 

{Xn = 1/2}. 

Lemma 5.7. There exists Ro = Ro{n,s) > 0 s.t. the following result holds. 
Let E C K" be s-minimal in B 2 , with 0 G dE. If Bji{—Ren) C E, for some 
R> Rq, then 

dEHBiC {xn < 1 / 2 }. 


Proof. Suppose the claim is false. Then there is a point y G dE n Bi with 
yn > 1/2. Since i?i/ 4 (j/) C B 2 , the Clean ball condition guarantees the existence 
of a ball 

C EDBiiy). 

Moreover, since dE has an interior tangent ball at 0, we have 

limsupXf [if]( 0 ) < 0 . 

(5-s-O 


Let D := Bji{—Ren) U and let K be the convex envelope of D; notice 

that Bji C K. We can split 


P.V. 


Xe{z) - xce{z) 


In+s 


dz = 


Xe{z) - xce{z) 


+ P.V : 


JCK IZ 
Xe(z) - xce(z) 


n+s 


dz 


Jk\d 

=■ h + I 2 + h- 
We can bound 


In+s 


dz + P.V. 


XE^z) - xce{z) 


ID 


|n+s 


dz 




As for I 2 , we have 


\I2\<P.V. 
= P.V. 


K\D 


|n+s 


dz 


l{K\D)\B„^^ IZ 


1 

n+s 


dz + P.V. 


<C,{n,s)[^) \P.V. 


1 


1 

n+s 


dz 


(K\D)nBa,2 


n+s 


If we let E(h) := R— {R^ — then 

F'(0)=0 and F"{h) = 


R^ 


< 


dz. 


4\ 5 1 


(i?2_/i2)3/2 - Vs/ R 


() 
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for every h G [0,i?/2], and hence, arguing as in Lemma 4.22 we get 


P.V. 




1 

n+s 


dz = 2 



F(p) 


(1 



dp 

ps+i 


1 d 


Therefore 

I/ 2 I <C2(n,s)i?-L 

We’re left to estimate I^. Notice that D is symmetric with respect to {xn = 0} 
and Bfi{—Ren) C E hy hypothesis. Moreover the smal ball Bc/i{p) is contained 
in E and Bc/i{p) C Bfi{Ren)- 

Roughly speaking, the contribution coming from any point z € CE n D is 
canceled by that of the point —zGECi Bji{—Ren) and we are left with (at 
least) the contribution coming from 5^/4(p), which is positive. That is 


h = py. 


Xe{z) - xce{z) 


Id 


In+s 


dz > 


1 


'El (p) K 


n+s 


dz. 


Now notice that for every z G Bc/ 4 {p) we have 

|z| < |z-p| + |p-y| + |j/| < ic + ^ + 1 < 2, 


and hence we obtain 


h > — c " =: 03(71,3). 

^ — 2"+s 4" ov I / 


We remark that this last estimate does not depend on R nor on our set E nor 
the point y G dE n Bi lying in the strip {1/2 < y < 1}. 

Therefore 


0 > limsupXf [L;](0) > liminflf [L;](0) >€ 3 - (Ci + Ca)!?”" > 0, 
provided R is big enough, giving a contradiction. 


□ 


Remark 5.8. For any fixed /3 G (0,1/2], we can repeat the same argument 
to show that dE n Bi lies below the plane {xn = /3}, provided that E has an 
interior tangent ball in 0, with radius R > R{n, s, j5). 

In this case the constant C 3 appearing in the proof becomes 

C'3 = C3(n,s,/3)^/3", 


and hence 

lim R(n, s, B) = 00 . 

/3^0 

As a consequence we see that if E has an interior tangent ball in some point 
xq then we can control the flatness of dE in a small enough neighborhood of xq. 

Therefore, using this Lemma we can prove the following consequence of the 
Regularity Theorem 
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Corollary 5.9. Let E C ffi" be s-minimal in 17 and let Xq S dE n 17. 

If E has an interior tangent ball Brip) C E in xq, then dE is a (7^’“ surface in 
a neighborhood of xq . 


Proof. After a traslation and a rotation, we can suppose ccq = 0 and 


Br{-ren) C E. 


If we dilate everything by a factor A' := A/r > 0 we obtain 

Bxi-Xen) C X'E. 


Clearly 0 G d{X'E) and, taking A big enough, the set X'E is s-minimal in 
B 2 C A'17. Using previous Lemma and the Remark above, we know that if 
A > i?(n, s, eo/2), then d{X'E) n i?i C {xn < eo/2}. 

Moreover d{X’E)PBi lies above the ball Ra(—A e„). Thus, eventually taking 
a bigger A, we have also d{X'E) n C {a:„ > —eo/2}. 

Now the set X'E satisfies the hypothesis of the Regularity Theorem and hence 
d{X'E) n Bi /2 is a (7^’“ surface. Scaling back concludes the proof. 


□ 


Considering CE in place of E we see that the same holds if we have an 
exterior tangent ball. 

5.2 Monotonicity Formula 

In this section we prove a monotonicity formula for a quantity related to the 
fractional perimeter of an s-minimal set. 

This formula can be seen as an extension to the fractional framework of the 
classical monotonicity formula which holds true for minimal surfaces (see the 
end of Chapter 1). 

However in order to define this quantity we need to consider an appropriate 
extension function in one extra variable. 

5.2.1 Intermezzo About the Fractional Laplacian: The 


Extension Problem 

For all the details about the extension problem we refer to [TU]. See also [1]. 
For every s G (0,1) we define the weighted L^-space 



For a function u G Ls /2 we consider the extension u : M" x [0, 00 ) —> K, which 
solves 



(5.20) 


where 


= {(a;, z) G | x G M”, z > 0). 
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Remark 5.10. Actually such an extension can be defined in the same way for 
every s € (0, 2) and the case s = 1 is well known, but we are interested only in 
the range s G (0,1). 


Let a := 1 — s. We use capital letters, like X, to denote points in 


Remark 5.11. It is clear that the first equation in (5.20) is the Euler-Lagrange 
equation for the functional 


[ \Xu\^z^dX, 

J { 2 > 0 } 


and it can be rewritten as 


Aa;U + -Uz + Uzz = 0 , 

z 


(5.21) 


where A^: denotes the Laplacian in the first n variables and the pedice z denotes 
derivation in the last variable. 


The solution u to (5.20) can be explicitly computed via the Poisson formula 
u{-, z) = P{-, z) * u, i.e. u{x,z)= / P{x — z)u{^) d^, 

where the Poisson kernel P is 

^1 — a 

P{x, z) ;= Ci(n, a)- 
{ 

If we define 




H{x) := Cl 


1 




then we have 

P{x,l) = H{x) and P{x, z) =—H. 

In particular 

[ P{x,z)dx=^ [ H(-\dx=[ H{^)d^, 

jRri Z Jr™ \Z / 

for every z > 0. Then the constant Ci is chosen in such a way that 

J H[x) dx = 1. 

The extension u is related to the |-fractional Laplacian of u via the formula 


lim -z“u 2 (-,z) = C 2 (n, a)(-A) 2 u, 
z—J-O 


(5.22) 


which holds in the distributional sense, i.e. ft is a weak solution of the Neumann 
problem 

div(z“Vu) = 0 

= C 2 (n,a)(-A)fu on aK!;:+^ 


in 


(5.23) 







Moreover it can be shown that 


f \\/u\'^z°'dX = C 3 {n,a)[u] 


2 


for every u G Hi (M") with compact support. 

Now we consider the local contribution of the H 2 -seminorm of u in the ball 
Br, i.e. 


Jr{u) ■■=11 
J J E 


\u{x)-u{y)\^ 


dxdy + 2 


\u{x) - m(?/)|^ 


B^JB^ \x-y\^+^ JbJcb^ |x-y|-+« 

Notice that the first term is just ^ and, if m G 


dx dy. 


In particular, if u, u G Hi{W^) and u = v outside then 

Remark 5.12. Notice that the functional J'r is simply the extension to generic 
functions of the fractional perimeter in the ball Br, i.e. 


JbAE) = Ps{.E,Br) = \Mxe). 


(5.24) 


In particular, if u = xe — Xce, then 

Jr{u) = 8Ps{E, Br). 

Now we prove some estimates which relate our functional f7i(u) with the 
energy (5.21) of the extension u. 


Proposition 5.13. Let fl C be a bounded open set with Lipschitz bound¬ 

ary and denote 

flo :=^^n{z = 0}cK”, O+:=nn{z>0}. 

(a) If LIq CC Bi then 

[ \Xu\^z^dX <CJi{u), (5.25) 

J 

with C depending on LI. 

(b) If Bi CC flo o.nd u is bounded in K" then 


Ji{u) < C ^1 + J , 


with C depending on LI and . 
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Proof, (a) We can assume without loss of generality that u = 0. Then 

= 0 , 


and hence 



For every y € Bi we have — j/| < 1 + |a:| and hence 

1 ^ - 1 / 1 ”+® < (1 + 1 ^ 1 )”+® < ^(1 + 


Therefore 


\Bi\JbiJr’^ (l + |a;p)"2 




iBi 

<CJi{u), 


\u{x)-u(y)\^ 
\x - y|"+® 


dx dy 


and 

/ 

JR^ 

Thus, by Holder inequality 

f Hx)\ 

A" (1 + 


\u(x)\^^ 


(l + |x|2)=T 


dx < Cffi(u). 



dx 


(1 + |:e|2)^ 


dx 




Now let (p G be a smooth cutoff function s.t. = 1 in the 

6-neighborhood of flo, for some b G (0,1) small enough to have Ni,{flo) CC Bi, 
and supp ip C Bi, . We write 

u = pu -f (1 — p)u =: ui + U 2 . 

Clearly u = ui + U 2 . Since ui is compactly supported in Bi, we have 
[ = C[ui]2 J = CJiK) < CJ,{u). 

Jr"+i 


On the other hand, it can be shown that for every {x, z) G f2_|_ 

2 lVw 2 (x,z)|<C / dy < CMu)K 

jR" (1 -I- |y|2) 2 


(5.26) 
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and hence 


f \S/U 2 \^z^dx = [ \VU 2 \^Z^^— dX <CJi{u) [ —dX. 

Jn+ Jii+ Jn+ 

Since 0_|_ is bounded, it is contained in the cylinder Cji, 

n+ C Cr := {{x, z) e I 0 < z < -R, |x| < R}, 
for some R = R{il) big enough. Thus 


1 


1 


— dX< —dX = 


/n+ 2 “ 


ICh 


and 


Therefore 


J— f dx f 

1-0 Jbr Jo dz 1-a 

[ \yu2\'^z‘^dx <cji{u). 

Jq. 


[ \Xu\^z°‘dX=[ \Xui+Xu2\^z^dX 

J J 0-[- 

< [ \Xui\^z^dX+ [ \Vu2\^z^dX 

J Q_j_ J Q_|_ 

+ 2 f \Xui-Vu2\z°‘dX 

J f2_|. 

<2CJi{u)+2 [ iVuilz'i \Vu 2 \z^ dX 

Jq+ 

< 2C'J'i(u)+2 ( / \Xui\^z‘^dx] If |VM2pz“dX) 

\Jn+ J \Jn+ J 

< CJi{u). 

(b) Since u is bounded, we have 

L, L, ^ “"“"-<•■> L, ie. 

= 4Rs(Ri)||M||ioo(R,>). 

Let Ip G be a smooth cutoff function s.t. ip = 1 in Bi and 

supp Ip G il, and define 

v(x) := ip{x, 0)u(a:). 


Notice that, since u = v in Ri, 
f f \u{x) - u{y)\'^ 


dx dy = 


|u(x) - v{y)p^ 


JBi 


\x-y\^+^ JbJb^ \x-y\^+ 

Moreover, since supp v C flo is compact. 


dx dy < Pli(v). 
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Since the function v minimizes 

/ |VhPz“rfX = inf J [ \Vw\‘^z‘^dX w(-,0)=wi 

and il’(x,0)u(x,0) = ip{x,0)u{x) = v(x), we have 

/ |Vh|2z“dX< / lV(7Pu)l^z^dX. 

7k"+^ 

To conclude it is enough to compute the right hand side. Recalling that 
supp -ip C fl, 

[ \X{'ipu)\^z^dX = [ \{Xi;)u + p:Xu\^z^dX 

7m"+^ Jr^+^ 

= f |(VV')up2“d^+ [ I'lpXul^z’^dX 

J f2_|_ J r2_i. 

+ [ 2{X^p ■Xu)ipuz°‘ dX. 

J r2-i_ 

Notice that, since u is bounded, also u is bounded 
\u{x,z)\< f P(C,^)|u(a;-C)l'^C< I|u||l°°(K") / = ||m||l<»(R")- 

JR" JR" 

In particular this gives 

II^IIl'=°(r"+'-) — ll'*^IU“(R")' 


Therefore the hrst term in the right hand side above is 


|(VV’)hpz“ dX < £"+i(fI+) sup \Xip\‘^\\u\ 


I sup Z < 00 . 

Q_l_ 


The second term gives 

[ \-ipyu\^z^ dX <snp\i;f [ iVufz^^dX. 

J f2_|_ r2_i_ J 

As for the last term, we have 

2(VV’ • Vm) = div(MV2“VV’) - u^i^z^A^P - u^z‘^\y^p\^ - u^ip ip^-^z'^. 

dz 

Since supp pj G ft, using the Gauss-Green formula for the first term gives 

f div{u'^'ipz°'X'tp) dX — f u^'tpz°‘X'ip ■ da = f v?ipz°‘ipz dx. 

J J 0f2_|. J fig 

Integrating and taking absolute values gives 


/ 2(VV’ • Vm) ipuz'^ dX < 

[ 2{Xip • Xu) -ipuz^ dX 

'q+ 

Jn+ 


< 


f \u^-^pz‘^^p,\dx+ [ \u^p:z‘^A^P\dX + [ \u'^z‘^\Vp;\'^\dX 

J fig r2_|_ 'J 

-f [ U^-ipIpz^ZGa 
Jn+ az^ 
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As we did in (a), we can enclose 0+ C Cr, for R = R{^}) big enough; then 
integrating the last term in the right hand side above gives 





az 


1 — a 


dX < ||■u||^oo(R„) 
= l|■*^llL“(R") 


supIV'V’^l 



^a— 1 


a 


dz 


sup 


The other three terms are simply bounded by a constant depending on ||w||Loo(Rn), 
f2 and rp; for example the second term is 



\u^i;z^Ai;\dX < ||u|||„o(r„) 


sup|V'AV'|i?“£”+i(0+). 


Putting everything together gives the claim. 


□ 


Remark 5.14. Let C be a bounded open set with Lipschitz boundary 

and let w : n —M be s.t. 


|Vvpz“ dX < oo. 


Then from Holder’s inequality 


/ |Vv| dX < oo, 

Jn 

and hence we can define the trace of v on dQ. 

In particular if i; = m, the trace of u on Hq is clearly u. 

Remark 5.15. Assume v is compactly supported in the open set O C 
and has trace v on flo. Then 

[ \Vv\^z‘^dX> [ 

Ja+ Jr^+^ 

We briefly sketch the proof. Denote by Vk the solution of equation 

div(z“Vi;fc) = 0 in , 

which has trace v on {z = 0} and 0 on dB^ n {z > 0}, where B^ denotes the 
upper half of the (n + l)-dimensional ball centered at 0, i.e. 

Bt = {{x,z)&Rl+^\{\x\^ + z^Y^<k}. 

Extend Vk to be 0 outside B^ . If k is big enough, so that supp v C Bk, then v 
and Vk have the same trace on dB^ and hence 



\Xvk\^z^dX 


( \Xvk\^z'^dX< [ \Xv\^z^dX 
J’St JBt 

J Q-|_ 


It can be checked that Xvk converges to Vv in z“ dx dz), so we get 

the claim letting fc —)■ oo. 
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Lemma 5.16. Assume u, v : M" —> M are s.t. Ji{v) < oo and u — v is 

compactly supported in Bi. Then 

inf / (\\7v\^-\\7iL\^)z‘^dX = C 3 {n,a){Ji{v)-Ji{u)), (5.27) 

where the infimum is taken among all bounded open sets fl C with Lipschitz 

boundary and Oq C Bi, and among all functions v s.t. v — u is compactly 
supported in 12 and the trace of v on {z = 0} equals v. 

Proof. First of all notice that, since the trace of v is equal to v on the whole of 
{z = 0} and v = u out of 12+, we must have supp(M — v) C 12o. 
liu,v€ then 

inf / (iXvf - \Vuf) z^ dX = f {Xv^z^^dX-f {Xufz^^dX 

Jr"+i dK"+i 

= C3(n,a) = C3(n,a) (Jiiv) - Mu)). 

The first equality is a consequence of previous Remark: hxed an open set 12 
as above and an admissible v, let K :=supp(h — u) and define w := v m. K and 
0 outside; then the trace of iZ) is on 12o and supp tc C 12, so 

/ \Xv\^z'^dX> f \Xv\‘^z‘^dX= f / \Xvfz‘^dX. 

Jn^ J Jn+ 

On the other hand, it is clear that taking a sequence of admissible pairs of open 
sets 12* converging to and functions Vk converging to v gives the opposite 

inequality. 

The other two equalities are a consequence of the compact supports of u and v 
and the hypothesis u = v out of i?i, respectively. 

In the general case let 

12^ C 12^ c 12^ ..., U \ {(x, 0) I a; e CBi}, 

k 

and denote Wk the solution of the equation 

div(z“V'u;fc) =0 in 12+, 

which has trace w := v — m on 12g and 0 on 912* n{z > 0}. We extend Wk to be 
0 outside 12*. Notice that the function u + Wk satisfies the equation 

div( 2 “V({t + ?Z>fc)) = 0 in 12*, 

and has trace v on the whole of {z = 0}. 

If 12 C 12*, then v and u + Wk have the same trace on 912* , equal to v on 12§ 
and u on 912* (1 {z > 0}; actually v = u = u + Wk in \ 12*. Therefore 




\Xwk\^z^ dX + 2 


/ z°‘Xu-XwkdX. 
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The second term is independent of k. Indeed u satisfies 

div(z“Vu) =0 in 

and Wki — Wk 2 is compactly supported in and has trace 0 on {z = 0}; 

therefore using Gauss-Green and the equality 


■V{wk^ -Wk2) = div(z“(wfcj - WfcjVfi) - {wk^ - ■u;fcJdiv(z“V'u) 
= div{z°'{wki - tCfcjVfi), 


we get 


and hence 



z^'Vu ■ ^/{wki 


Wk2)dX = 0 , 


/ z°‘Vu -VwkdX 



z°'Vu ■ Vwi dX, 


for every k. As in the case of balls in previous Remark, it can be checked that 
Vtcfc converges to Vw in , z°'dx dz). 

Thus if we let fc —>■ oo we find that the infimum equals 



(iVihp -I- 2Vu • Vwi) z“ dX = 03 ( 71 , a)dliiw) + 2 



z“Vm • Vwi dX, 


since w has compact support in M". 

In the particular case u, v G we already showed that the inf is 

csiJiiv) — Ji{u)) and hence we get 


C 3 {n,a)Ji{w) + 2 / z°‘Xu ■ Xwi dX = C 3 {n,a) {Ji{u + w) — Ji{u)), 
Jb"+^ 

for every u, w G C'“(M"). Then by approximation we find that this equality 
holds for all u, w with J^i(u), Ji(w) < 00 , concluding the proof. 

□ 


As a consequence, if we restrict our attention to functions v = xf — Xcf, we 
obtain the following 

Proposition 5.17. The set E is s-minimal in Bi if and only if the extension 
u ofu = XE- XCE satisfies 



\Xv\^z^dX > 



\Xu\^z^dX, 


for all bounded open sets with Lipschitz boundary s.t. fig CC Bi and all 
functions v that equal u in a neighborhood of dfl and take the values ±1 on fig. 


5.2.2 Monotonicity Formula 

Finally we are ready to define the promised quantity and prove the monotonicity 
formula. 
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Assume E is s-minimal in Bji. For all r < i? we define the functional 

(5.28) 

'J13^ 

where 

u = XE- XCE- 

Lemma 5.18 (Scale Invariance). The functional is scale invariant in the 
sense that the rescaled set XE satisfies 

^xsiXr) = ^E{r). 

Proof. Let v := x\e — Xc(xe) and notice that v{x) = u (|). 

Since 

A^-“ (!)"“ 1 - 


P{x,z) = Cl- 


{x,z)= f P{x-^,z)vif)df= ^ f p( 
JR^ ^ jRr^ V 






we have 


fiAl 


and hence 

Therefore 


A ’A/ VA 

1_ /X z 




V«(,T,*) = -Vi(|, (). 


A„+a-i f |Vu(a:,z)|2z“dA, 

JBt 


proving the claim. 


□ 


Lemma 5.19. There exists a constant C = C(n,a) > 0 s.t. 

$£;(r) < C 

for every r < R/2. 


Proof. From the inequality (5.25), with = B 1/2 we obtain 





^ f 

V 2 J 

2»+a-l 


/ |Vu|VdA< -^Ji(u)=CP,(F;,i?i), 
•'^1/2 


where C = C{n, a). 

Now, using the scaling invariance of and the scaling of the s-perimeter, 
we get 


1 


— C' , fs(-B 2 r) (since E is s-minimal in and 2r < R) 

(2r)" “ 

= CPs{Bi) =: C{n, a). 


□ 
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Theorem 5.20 (Monotonicity Formula). Let E be an s-minimal set in Bj^. 
Then the function r i —> $£:(r) is increasing. 


Proof. Notice that is continuous (see Remark 5.24 below) and differentiable 
at r for almost every r G (0,i?), with 


d 

dr 


$B(r) 


— (n + a — 1) 


j^n-\-a—2 


[ \Vufz‘^dX 

Jb+ 

+ |Vw|VdH”(x), 


where 

(dBr)^ := dBr n {z > 0}. 

To prove the claim we show that > 0. Due to the scale invariance, it 

is enough to prove the inequality for r = 1, i.e. that 

[ |Vupz“d'H”(X) > (n + o-1) / (5.29) 

J{dBi)+ JBf 

To do so, we define the function v in as 


v{x, z) 


u{{l + e){x,z)), inS+(^^^), 


and u := M in CB^. 


In particular the trace r of h on {z = 
F which coincides with E in K" \ Bi. 
thanks to Proposition 5.17[ 


0} is equal to — xcf, for some set 
Therefore the minimality of E implies. 



|Vwpz“dX > 



|Vupz“(iX 


Moreover by construction the function v is constant along radial directions in 
the strip B^ \ and hence its gradient there is equal to 


Vu(x, z) 


1 

\{x,z)\ 



ix,z) 

\{x,z)\ 


) 


where Vr denotes the tangential component of the gradient in {dBi)'^. 
Thus we obtain 


[ \\7u\^z^dX< [ \Xv\^z^dX+ [ \Xv\^z^dX 


1 


i/(i+0 
|2..,a 


(1 + e)n+a-l 

and hence 


[ |Vn|VdX+/' 

JBt Jb+\b+ _ 


/(i+O 


■ \{x,z)\J \ix,z)\ 


dX, 


( 1 - 7 - I - -r) [ \Xu\^z^dX 
V (i + e)n+a-i;7 , I I 


1 


/ (x. z) \ 

< - 

/ 

< 

e 


V|(x,z)|/ 


dH^{X). 
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Then passing to the limit as e —>■ 0 gives 


[ > (n + a-1) / |Vupz“dX 

J{dBi)+ Jb+ 


Thus 


J{dBi)+ 

>{n + a-l) [ |V{ipz“dX+ / | V^upz“ 

JBt J{aBi)+ 


which implies (5.29), concluding the proof. 


(5.30) 


□ 


In particular notice that from (5.30) we obtain 

-wd>_E(?') = 0 Vi,M = 0 on (dBr)'^. 

dr 

As a consequence we have the following 


Corollary 5.21. The function r i —> d>£;(r) is constant if and only if u is 
homogeneous of degree 0. 


5.3 Minimal Cones 

We study the blow-up limit \E, as A —>■ oo, of a set E which is s-minimal in Bi 
and s.t. 0 S dE, showing that it is an s-minimal cone C. 

In particular we exploit the improvement of flatness to show that if C is a 
half-space, then dE is (7^’“ near 0. 

We begin with the following technical result 

Proposition 5.22. Let Ek C M" be s-minimal in Bk for every k G N and 
suppose Ek E. Then the corresponding extensions Uk, respectively u, satisfy 

(i) Uk —> u uniformly on compact sets 

(ii) Vftfc —Vm in Lf^^{R'ff'^,z°‘dxdz). 

In particular 

Proof. Notice that the functions Uk are uniformly Lipschitz continuous on each 
compact set of {z > 0} (which is easily shown e.g. using the Poisson formula). 

Consider a subsequence Uki that converges uniformly on compact sets to a 
function v. We want to show that v = u. The uniform convergence implies that 
also V satisfies the equation 

div(z“V{i) = 0, in K!;:+\ 

and it is bounded. Thus, if we prove that the trace u of i; is equal tou = Xe—Xce 
on {z = 0}, then we get v = u. 

Let r > 0. Patou’s Lemma gives 

/ |Vu|^z“dA: < liminf / \V{Lkfz^dX<Cr^+^-\ 

JBt 1^00 _/g+ 
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the last inequality being a consequence of Lemma 5.19 (notice that for i big 
enough the set E^. is s-minimal in B 2 r)- 

Then near the boundary {z = 0} of using Holder’s inequality we get 


[ \V{uk,-i)\dX = [ 

JB,.n{0<z<S} JB 


< 


Brn{0<z<(5} 

V 1 — a / 


z \V{uki — v)\z dX 

\X{uki — dX 


< C5—, 

with C depending on r, but not on 5 or ki. On the other hand Vu^. converges 
to Vu uniformly on compact sets of Therefore 

[ \V{uk,-i)\dX <CS'-^ + [ \Viuk.-v)\dX, 

JBt JBr.n{z>S} 

with the last term going to 0 as i —>■ oo. Thus taking the limit gives 


limsup f \X{uki — v)\dX < C6 = . 

I— >oo JB+ 


for every 6 > 0 small. Since S is arbitrary, we see that Uki converges to v in 
and this implies the convergence of the traces Uk^ —v in L^{Br). 
Since this holds for every r > 0, we get u = u, as wanted, proving (z). 

Now we prove (ii). It is enough to prove the convergence in for every 
r > 0. From inequality (5.25) we get 

limsup / \X{uk — u)\^z°'dX < C limsup J 2 r{uk — u). 
fc—>-oo J k—^oo 


We want to show that J 2 r {uk — u) 
Define the functions 


0 . 


fk{x,y) := —;^T^XB 2 .(a;)(xB 2 .(y) + V^XCB 2 .(a:)), 

\x-y\ 2 


so that 


ll/fcllL2(R"xR") “ J2r{uk) — 8T’s(i?fc, i32r)- 

According to Theorem |3. 12 


lim PsiEk,B2r) = PsiE,B2r) = ^\\f\\h^ 

K —^OO O 


with 


fix, y) ■= (x) ( xb 2 . iy) + '^XCB2r- ix)) ■ 

\x-y\ 2 

Moreover, since Uk —> u in from every subsequence of {ufe} we can 

extract a subsequence {uk^} converging pointwise (almost everywhere) to u, and 
hence also fk^ converges pointwise to /. 

Then for every such subsequence we have the standard implication 


fki —/ a.e. in K" x 
fki — 


"j ll/fci ||l2(K"xR") - 
/ in X M"), 


||/||L2(RnxR" 
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and hence 


>J2r{Uki u) — Wfki /llL2(]i{nxR") ^ 0. 

This proves the claim. 

Indeed, suppose there exists a subsequence of {rtfc} (we relabel it for simplicity) 
s.t. J 2 r{uk —u)>e for every k. Then what we have just shown proves that we 
can extract a subsequence {wfc,} s.t. J 2 r{uki — u) —> 0, giving a contradiction. 

□ 

Remark 5.23. The same Proposition remains true if we consider a sequence 
Ek E of sets Ek s-minimal in B\^,, with —> oo. Thus in particular when 
we consider the blow-up sequence Ek '■= XkE of a set E which is s-minimal in 
Bi, with 0 G dE, provided that such a sequence admits a limit. 

Remark 5.24. Exploiting the same argument used in the proof of (ii) we can 
show that the functional 4>£; is continuous in r. 

Indeed, let E be s-minimal in Br and take f G (0, i?); we want to show that 

lim $£;(r) = ^E{r)- 

r—>-f 

Using the scaling invariance we have 

4>£;(r) = d>f£;(r), 

so it is enough to show that 

Vur —>\/u in {Bf, dxdz), 
where Ur := x^e - e) and u = xe - Xce- 

Notice that the set -E is s-minimal in B~r and -E E as r ^ f. 

r E— r 

Therefore taking a small <5 > 0, both the sets E and -E are s-minimal in 
BfEe C Be, for every \r — f\ < S, for some very small 0 < e < i? — f . 

Now we have 

limsup / \V{ur — u)\^z'^ dX < C lim sup Jf+eiur — u), 
r—^r J ^ 

and reasoning as above proves the claim. 

Now we can use the pointwise convergence of the functions $ e^. to show that 
the blow-up limit of E in 0 (if it exists) is a cone. 

We recall that a set C is a cone (with vertex in 0) if for every t > 0 we have 
tC = C. Moreover we say that C is an s-minimal cone if it is locally s-minimal 
in M", meaning that C is s-minimal in every ball B C M". 

Theorem 5.25 (Blow-up Limit). Let E C K” he s-minimal in Bi with 0 G dE 
and let Xk —> oo be a sequence s.t. 


XkE- 


C. 


Then C is an s-minimal cone. 
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Proof. Theorem |3 .12 1 proves that C is s-minimal in every ball B C M". 

Using previous Proposition and Remark [5. 23| we get 

for every r > 0. Therefore is a constant function, with 

= lim 

t-fO 

the existence of the limit being guaranteed by the monotonicity of 

Since is constant, we conclude that the extension uc^ and hence also its 

trace uc = Xc — XCC^ is homogeneous of degree 0, proving that C is a cone. 

□ 

Definition 5.26. We say that a cone C as in Theorem 15.251 is a tangent cone 
for E at 0. 


Now we prove the existence of tangent cones 

Proposition 5.27 (Existence of Blow-up Limits). Let E C K" he s-minimal in 
Bi with 0 S dE and let Xk —> oo. Then there exist an s-minimal cone C and 
a subsequence {Afe^} o/{Afc} s.t. 


Xk,E 


C. 


Proof. We want to use Theorem 2.7 to construct a limit set via a diagonal 
argument. Then previous Theorem shows that it is an s-minimal cone. 

Since we are working with subsequences, we can as well assume that Xk oo. 
Let h G N. Notice that XkE is s-minimal in B\^. Then for k > k{h) we have 
Xk > h and hence in particular XkE is s-minimal in Bh. For every such k the 
minimality implies 


= ‘^P^{XkE,Bh) < 2Ps{XkE,Bh) 
<2PsiiXkE)\Bk,Bh) 

= 2Cs{(XkE) \ Bk,C{{XkE) \ Bh) n B^) 
< 2Cs{CBh, Bh) = 2Ps{Bh), 


and clearly 


Therefore 


lIXAfcfilUqSfe) < \Bh\- 


V/i 3k{h) s.t. \\x\kE\\w-n(B,,) < Ch < oo, \/k>k{h). 


Thus Theorem 2.7 guarantees the existence of a subsequence {Afe^} (with fci > 
k{h)) s.t. 

)Xk^E)TBh^E^, 
in measure, for some set E^ C Bh. 

Applying this argument for h = 1 we get a subsequence {A^} of {A^} with 

{XlE)r\Bi — > E'^. 
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Applying again the argument in B 2 , with {Aj,} in place of {X^}, we get a sub¬ 
sequence {A^} of {A^}, with 


{XlE)r\B2 

Notice that we must have E^ C in measure (by the uniqueness of the limit 
in Bi). We can also suppose that X\ > A}. 

Proceeding inductively in this way we get a subsequence {A^} of {A^} s.t. 

{\\E)^Bh^^^ E^, for every h e N, 
with E^ C E^^^. Therefore if we define C := IJ^ E^ we get 

\\E C7, 


concluding the proof. 

□ 


We remark that, as in the classical setting of Caccioppoli sets, two different 
subsequences might converge to different cones i.e. tangent cones need not be 
unique. 

However this can happen only at singular points: if dE is regular in a neigh¬ 
borhood of 0, then the tangent cone is necessarily the half-space 

iJ-(O) = {x e K” I X • ue{Q) < 0}. 

Moreover, exploiting the improvement of flatness, we can show that if E has a 
half-space C as tangent cone, then dE is regular in a neighborhood of 0. Thus 
in particular C = E[~ (0) is the unique tangent cone at 0. 

Theorem 5.28 (Regularity). Let E C K" be s-minimal in Bi with 0 € dE. If E 
has a half-space as a tangent cone, then dE is a C^'°‘ surface in a neighborhood 
of 0. 


Proof. Let C be the tangent ha lf-spa ce of the hypothesis and let A*, ^ oo be 
s.t. XkE C. Then Corollary 


3.19 


implies that for every e > 0 
d{XkE) DBiC N,{dC) n Hi C N,{dC), for k > k{e). 

Since (7 is a half-space, up to rotation we have 

N,{dC) = {\x ■ en\ < e}. 

Taking e = we see that Xk(eo)^ satisfies the hypothesis of Theorem 
and hence d{Xk(eo)^) = Xk(eo)^^ is a (7^’“ surface in H 1 / 2 . 

Therefore scaling back we see that dE is a (7^’“ surface in Bi/ 2 Xk{^^i- 


5.6 


□ 


Definition 5.29. Let E C M" be s-minimal in fl. A point xq G dEt^Vt that has 
a half-space as a tangent cone is called a regular point. The points in dE n H 
that are not regular are called singular points. 
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For a minimal cone C we denote by its energy, i.e. the constant value 
of the function We show that half-spaces have minimal energy amongst 

minimal cones, with a gap separating their energy from those of other cones. 
Let n := {xx > 0} be a half-space. 

Theorem 5.30 (Energy Gap). Let C he an s-minimal cone. Then 


> ‘f’n- 

Moreover, if C is not a half-space, then 

‘f’c > ‘f’n + do, 

where dp > 0 is a constant depending only on n and s. 


(5.31) 


(5.32) 


Proof. We have 0 S dCHBi and hence the Clean ball condition (Corollary |3.17[ ) 
guarantees the existence of some small ball B C E D Bi. Sliding B vertically 
until we first touch dC we find a point Xq € dC having an interior tangent ball. 
Corollary 5.9 then implies that dC is C^’°‘ in a neighborhood of Xq and hence 
the tangent cone of C at xq is a half-space. Therefore 

lim ^E-xo(r) = $n- 

r—^0 

On the other hand, since ^(C — xq) = C — ^xq, we obtain 

hc-xo)^c 

k 


and hence 


^c-xo{k )—!• $ 0 -, asfc-> 00 . 


The monotonicity of ^c-xq gives (5.31). We have equality only when ^c-xq is 
constant, i.e. when C — ccq is a cone, thus when C — xq is a half-space, which in 
turn implies that C is a half-space. 

To prove (5.32) we use a compactness argument. 

Assume by contradiction that there exist minimal cones Ck with 


^Ck ^ ‘i’n 


1 

k' 


for every A: € N, 


(5.33) 


that are not half-spaces. Arguing as in the proof of Proposition 5.27 we can find 
a convergent subsequence 

f-l loc ^ 

^ki -? C^o, 


for some minimal cone Cq. Since <i>Co ^ ‘i’n, from (5.33) we get "hco = ‘i’n and 
hence Cq is a half-space. 


Therefore, using again Corollary 3.19 we get (up to rotation) 

dCki n c {|a; • e„| < eo}, 


for all ki large enou gh. 

Then Theorem 
that Ck, is a half-space for all large k, 


implies that dCk^ are surfaces around 0. Thus we find 
giving a contradiction. 

□ 
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5.4 Dimension Reduction 


In this section we adapt Federer classical reduction argument to estimate the 
size of the singular set of an s-minimal set E. 

We will need the following result from [^, which states that in dimension 
2 there are no singular minimal cones 

Theorem 5.31. If E is an s-minimal cone in then E is a half-space. 

We remark that if dC is singular in xq 7 ^ 0, then also the vertex 0 is a 
singular point. Indeed, if dC is regular in 0, then C must be a half space, and 
hence dC is a plane, which is regular in every point. 

The dimension reduction result is the following: if C C K" is a minimal cone 
with a singularity in xq G dC, with xq 7 ^ 0, then we can find a minimal cone 
K C which is singular in 0. 

Roughly speaking, using dimension reduction we can inductively reduce the 
dimension of the ambient space until we are left with a minimal cone which is 
singular only in the vertex 0 and from Theorem |5.31| we see that in dimension 3 
singular minimal cones can be singular only in the vertex 0 (otherwise we could 
find a singular minimal cone in dimension 2 ). 

As a consequence we will prove (see Corollary 2 in [^) that the Hausdorff 
dimension of the singular set is at most n — 3. 


We begin with the following technical result 

Lemma 5.32. Let w be a bounded function defined in C s.t. w = Q 

in a neighborhood of dBi and 

I < 00. 

JBf 

There exists a function W = >V(x,x„+i,z) defined in 

Bt X [-1,1] = {(x, x„+i, z) G ]R”+^ I (x, z) G B^, Xn+i e [-1,1]}, 


with the following properties 


(i) W = 0 , ifxn+i < 


I 


(a) W{x,Xn-i-i,z) =w{x,z), i/x„+i > -, 

(Hi) W = 0 in a neighborhood of dB^ x [—1,1], 

0 */a;n+i<0. 


{iv) yv’(x,x„+i,0) = 


w(x,0) z/x„+i>0. 


{v) / 

./B+x[-l,l] 

where X = (x,x„+i,z) G 


|v>vrz“ dX < 00 , 


(5.34) 


Proof. First we assume that 0 < w < I. Moreover we can think w is defined 
in ]R"+^ and is constant in the x^+i variable. Let tt be the extension in 
corresponding to X{x„+i>o}- Then the function 


Wi := minjw, tt} 
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satisfies the last three points of (5.341. 

Now we modify Wi so that points (i) and (ii) of (5.34) also hold. 

Let </>! be a smooth cutoff function on M, with (j)i = 0 outside [—1/2,1/2] and 
= 1 on [—1/4,1/4]. Now define 02 := 1 — 0i on [0,oo) and 02 := 0 on 
(—00,0). Then 

W := 0i(a:„+i)Wi + 02(a;„+i)w 


satisfies all the properties in (5.34). 

The general case follows by repeating this construction for the (scaled) positive 
and negative parts, w~^ and w~, and then subtracting the functions we obtain. 

□ 


We will exploit this result in the proof of the following 

Theorem 5.33. The set E C K" is locally s-minimal in K” if and only if the 
set E xM. is locally s-minimal in 


Proof. First of all, notice that if u = u{x, z) is the extension in for the 

function xe — Xce, then by making u to be constant in the Xn+i variable we 
obtain the extension in corresponding to E x'R. 

=^) Assume E is locally s-minimal in R". 

As we remarked above, the extension in corresponding to £1 x R is 

the function lA(x,Xn+i, z) = u(x,z), which is constant in the Xn+i variable. 
Therefore |V£/| = |Vx^| = |Vu|, where Vx denotes the gradient in the (x,z) 
variables. 

Also notice that for any function v(x, Xn+i,z) we have | Vu|^ > | for every 

fixed Xn+i- Now suppose that v is s.t. supp(u —U) C Q, where Q is a bounded 
open cube in R”+^, and the trace of u on {z = 0} takes only the values ±1. 

Let Qt := Q n {xn+i = t} and Q/" := Q* fl {z > 0}. Then slicing we get 


J J (^J \Vxv\^z‘^ dX^dt, 

and the minimality of E implies, as in Proposition 15.17] 

/ \Vxv\'^z‘^dX > [ |Vii|2z“dX= / 

JO+ Jot Jot 


Therefore 



\Xv\^z^dX > 



|VW|^z“ dX, 


which implies the minimality of £1 x R in Q, again via Proposition |5.17| and 
hence the local s-minimality of £1 x R in R"+^. 

■4=) Assume £1 x R is locally s-minimal in R"+^. 

Let v{x, z) be s.t. supp(u — u) C Br C R"’+^ and the trace of v on {z = 0} 
takes only the values ±1. We want to show 



\Vvfz^ dX > 



dX. 


(5.35) 


We can suppose that the first integral is finite. Moreover the local minimality 
of £1 X R implies 


[ ( [ \Xu\'^z'^dx)dxn+i= [ \XU\^z‘^dX <oo 

J-i ^Jst ' /b+x[-i,i1 
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so the second integral above is also finite. 

Using previous Lemma, we can construct a competitor for U and obtain 


(5.35) by confronting the corresponding energies. 


Let c > 1 and let W be the function obtained in Lemma |5.32| for w := u — v. 
Now we consider the function V(x, Xn+i,z), defined in T> := B^x [—(c+1), c+1] 
as 


v{x,z), 

\Xn 

This function V is a competitor for U in := T) D {z > 0} in the sense of 


Vl-r -r rl_ J if l^^ra+ll < C 1, 

’ ■ ' v{x,z)+W{x,\xn+i\- c,z), if - 1 < |a;„+i| - c < 1. 


Proposition 5.17 Moreover notice that V is even in the Xn+i variable and the 

|VVpz“dT = A 


energy is s.t. 


' Bo X [c—l,c+l] 


is independent of c and 


[ \VV\^z‘^dX = {c-l) [ 

Jb+x\0,c-1 ] JBt 


/B+x[0,c-l] 

Therefore the minimality of E xM. gives 

nc+l 


2(c+l) / \Vu\‘^z‘^dX= [ ( [ \Vu\‘^z‘^dx]dXr,+i 

Jb+ J_(c+i)VJb+ ) 

= [ 

= 2(c-l) / |VhPz“dX + 2A. 

JBt 


Dividing by 2c and letting c —>■ oo we get (5.35), concluding the proof. 


□ 

Now we prove the dimension reduction result. The idea is to blow-up a 
singular cone in correspondence of a non-vertex singularity. The tangent cone 
thus obtained is a cylinder whose base is a cone which is singular in the vertex. 

Theorem 5.34 (Dimension Reduction). Let C he an s-minimal cone in M”, 
with xq = Cn € dC (and vertex in 0). From any sequence converging to oo we 
can extract a subsequence —>■ oo s.t. 

\k{C-xo)^ AxR, 
where A is an s-minimal cone in 

Moreover, if Xq is a singular point for dC then 0 is a singular point for A. 


Proof. We already know (Proposition 5.27) that a blow-up limit D exists and 
that it is an s-minimal cone (Theorem 5.25). Suppose that D = A x M.. Then 


jn-l. 


previous Theorem implies that A is locally s-minimal in moreover, since 

A X K is a cone, also A must be a cone. 

As for the last claim, we remark that A x K is the tangent cone for C at ccq. 
Therefore if it were regular in 0, the cone C would be regular in xq (Theorem 
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5.28). To conclude, notice that 0 is a regular point of ^4 x M if and only if 0 is 


regular for A. 

We are left to show that the blow-up limit D is of the form D = A x R, 
i.e. that D is constant in the e„ direction. To do this, we show that if x is an 
interior point of D, then the whole line L := {x + ten \ t € M} is included in the 
interior of D. 

Indeed, let x be an interior point of D i.e. B^{x) C D. Then by uniform 
density (exploiting Corollary |3. 19 ) we have 

-^e/2(^) C Ck •— ^o); 

for all k big enough. 

Notice that Ck = C — Xk^n is a cone with vertex in —XkCn- Let Tk be the 
cone with vertex in —XkSn generated by Then Tk C Ck and 


Tk^[j {B,/2 {x) + ten) = N,/2{L). 


teR 


As a consequence we get N^/ 2 {L) C D, as wanted, concluding the proof. 


□ 


Remark 5.35. Since there are no singular s-minimal cones in dimension 2, 
previous Theorem implies that s-minimal cones in can have at most one 
singularity, in the origin. 

Finally we are ready to estimate the dimension of the singular set. 

The argument is the same as the one for classical minimal surfaces. 

We recall some definitions and results about Hausdorff measures which we 
will need in the proof. For the details we refer to e.g. [30] or Chapter 11 of [29] . 
Let E C K", d S [0, oo) and 5 e (0, oo]. Then 

OO OO 

'Hs{E) := ^ inf | ^(diam Sj)^^ | FI C [J Sj, diam Sj < jj, 

i=i i=i 

and 

n'^{E) := limn^iE) = sup'Hf(£;). 
i-s-O s 

It is easy to show that 

%d^i^E)=Q ^ H‘^(f;)=o, (5.36) 

and 

nt{E)=Q Hi+i(£;xK)=0. (5.37) 

We also recall the following density property: if E C K" and d > 0, then 

limsup for ■H'^-a.e. x G E. (5.38) 

r—>-0 2 

Theorem 5.36 (Dimension of the Singular Set). Let E C K" be s-minimal in 
D. The singular set C dE H D has Hausdorff dimension at most n — 3, i.e. 

'H‘^(E_e) = 0, for every d > n — 3. 
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The main part of the proof is the following 

Proposition 5.37. Let {Eh} and E be s-minimal sets in LI s.t. E^ E. 
Then, for every eompact set K C LI and every e > 0, 

Ee.LK cN.i^ELK), (5.39) 


for h sujfieiently large. Therefore 




,{T,e D K) > limsupH); 

h—>(x> 




(5.40) 


Proof. We remark that ( |5.40 1 is an immediate consequence of (5.391. 

Suppose (5.39) is false. Then (up to a subsequence) for every h there exists 
Xh G TjEh ^ s.t. d{xh,T‘E n K) > e. Since K is compact, we can suppose 
Xk —> xq G K and using Corollary |3.19| we find xq G dE. 

We only need to show that xq G Sb . Then for h big enough we have 


Xh G B,:{xo) C N,:{T,e n K), 


giving a contradiction. 

Up to considering translated sets and Ll' CC Ll s.t. K C Ll', we can suppose 
that Xh = 0 = Xq for every h. 

If 0 is a regular point for E, then (up to dilation and rotation) we have 
dE n i? 3/2 C {\xn\ < eo/2}. 

But then Corollary |3.19| implies 

dEh n Si C {|a;„| < eo}, 

for all h large enough and hence 0 is a regular point for Eh thanks to Theorem 
|5.6[ This gives a contradiction, concluding the proof. 

□ 


Proof of Theorem \5.36\ We begin by proving the following 

'H‘^{'Ee) > 0 BC C K" s-minimal cone s.t. > 0- 


(5.41) 


Since 'H‘^{'Ee) > 0, using (5.38) we know that there exist x G Tie and a 
sequence rh -G 0 s.t. 




2d+i ■ 


(5.42) 


We can suppose that x = 0. Up to a subsequence we know that Eh := rj} E 
converges locally in K" to an s-minimal cone C. Moreover each Eh is s-minimal 
in r}}^Ll D Ll. Also notice that clearly 

= rL^T} 




and hence scaling in (5.42) we get 


H^iTE, n Si) = r^^S^(SB n S,J > 


2d+i' 


Passing to the limit in h and using (5.40) we get LL^iTc) > 0. Thanks to 
(15.361), this proves (15.411). 
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Now, if C C K" is a singular s-minimal cone s.t. > 0i we can repeat 

the same argument blowing-up near some x G Scj x ^ 0. By Theorem |5 . 34| we 
know that the limiting cone is of the form ^ x M, with A C a singular 

s-minimal cone. From the preceeding discussion we know that 

> 0 


and hence, using (5.371, 


n‘^-\T,A) > 0 . 


Repeating this argument, we get the existence of a singular s-minimal cone 
Ck C with > 0, for every k < d. 

Since, as remarked above, s-minimal cones in can have at most one 
singular point, we conclude that d < n — 3. 

□ 


As a consequence of this estimate, since we know that dE is C^’°‘ in a 
neighborhood of any regular point, we immediately get the following 

Corollary 5.38. Let E C K" he s-minimal in Ll. Then dE H has Hausdorff 
dimension at most n — 1, i.e. 

'H'^{dE n n) = 0, for every d> n — 


5.5 Further Results 

In this last section we collect some more results about the regularity of nonlocal 
minimal surfaces. For the details and the proofs we refer to the corresponding 
articles. 

We begin by saying something more about the dimension of the singular set. 
Suppose we know that there are no singular s-minimal cones in R™. Then we 
can apply the same argument used in the proof of Theorem |5.36| to prove that 
the singular set Y^e has Hausdorff dimension at most n — (m -1-1). 

In the classical case it is well known that there are no minimal cones in 
for any m < 7. Therefore, using the dimension reduction argument we 
obtain Theorem |1.24[ which completely characterizes the regularity of a classical 
minimal surface. 

However in the nonlocal case it is not known, for a general s, wether or not 
there exist singular s-minimal cones in dimension to > 3. 

In [13] the authors exploited uniform estimates as s —>■ 1 to prove that when 
s is sufficiently close to 1, they don’t exist and hence the singular set has the 
same dimension as in the local case. 

Theorem 5.39. Let n <7. There exists eg > 0 s.t. if s G (l,eo, 1), then any 
s-minimal cone is a half-space. 

Theorem 5.40. There exists eg > 0 s.t. if s G (1 — eg, 1), then 

(i) if n < 7 then the boundary of any s-minimal set is locally a (7^’“- 
hypersurface, 

(ii) if n = 8 then the boundary of any s-minimal set is locally a 
hypersurface, except at most at countably many isolated points, 
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(Hi) if n > 9 then the boundary of any s-minimal set is locally a (7^’“- 
hypersurface outside a closed set Y,e, with T-L^{Yie) = 0 for any d > n — 8. 

On the other hand in m the authors studied a particular kind of cones, the 
Lawson cones 

Ca = {iu,v) e X M" I Ini = a|u|}, 

with m, n > 1, and proved that there is a unique a = a(s, m,n) > 0 s.t. Cq, is 
s-minimal in We denote C^(s) such a cone. 

Unlike what happens in the classical case, when n > 3 a nontrivial s-minimal 
cone, (^"“^(s), does indeed exist. 

Moreover when s is sufficiently close to 0, all Lawson cones C'ff{s) are shown 
to be unstable if iV := n -I- m < 6 and stable if = 7. 

This suggests that a regularity theory up to a singular set of dimension N —7 
should be the best possible for a general s. 

In [2fi| the authors improved the regularity in the neighborhood of a regular 
point, showing that Lipschitz regularity actually implies (7°° regularity. 

Theorem 5.41. Let n > 2 and let E be s-minimal in Bi. If dE H Bi is locally 
Lipschitz, then dE n Bi is (7°°. 

This improves Theorem |5.28| 

In particular this guarantees that the s-fractional mean curvature Is[E](x) is 
well defined in every regular point x S {dE \ S^;) H U and the Euler-Lagrange 
equation is satisfied in the classical sense in every such point. 

Since 77"“^ (S^ n U) = 0, we see that if i? C K" is s-minimal in Cl, then 

Is[E]{x) = 0, -H^-^-a.e. xGdEnCl. (5.43) 

In [5^ the authors also proved a Bernstein-type result 

Theorem 5.42. Let n >2 and let E = {{x',Xn) € x K | Xji < u{x')} 

be an s-minimal graph. If there are no singular s-minimal cones in dimension 
n — 1, then u is an affine function (thus E is a half-space). 

Another interesting property concerning s-minimal sets and graphs is given 
in the recent paper [23] . Roughly speaking, an s-minimal set which is a subgraph 
outside a cylinder is actually a subgraph in the whole space. 

Theorem 5.43. Let n> 2 and let IIo C be a bounded open set with dClo 

of class C^’^. Let U Uq ^ ® OLnd let E C M" be s-minimal in Cl. Assume that 

E\n = {xn< u{x') I x' G \ Uo}, 

for some continuous u : —> M. Then 

E CCl = {Xn < v{x') I x' G Uq}, 


for some v : K” ^ —> K. 

A delicate point is the fact that in general s-minimal sets are not regular (not 
even continuous) up to the boundary. Indeed boundary stickiness phenomena 
may occur. 


no 




The boundary behavior is studied in another recent paper by the same au¬ 
thors, [12]. We briefly describe one of the many results obtained in this article, 
an example of stickiness phenomenum. 

For any 5 > 0, let 


Ks := {Bi+s \ Bi) n {xn < 0}, 


a small half-ring. Define Eg to be the set minimizing Pg{F,Bi) among all sets 
FcM” s.t. F\Bi =Ks. 

We remark that in the local framework the set minimizing the perimeter, 
among all sets having Kg as boundary value at dBi, is always the flat set 
{xn < 0} n i?i, independently of 6. 

However in the nonlocal framework this changes dramatically, since nonlocal 
minimizers stick to the boundary dBi, provided 6 is suitably small. To be more 
precise. 

Theorem 5.44. There exists Jq = SQ{n,s) > 0 s.t. for any 6 G (0,(5o] we have 


Eg = Kg. 


As described in the article, these rather surprising sticking effects have some 
(at least vague) heuristic explanations. 

For example, to see that 


E := {{xn < 0} n Bi) Li Kg = {x„ < 0} n Bi+g 


cannot be our nonlocal minimizer, we can look at Is[A](0). 

There is no contribution coming from inside Bi^g because of symmetry, 



On the other hand, outside Bi^g we have no contribution coming from E, 



Since Xs[if](0) < 0, E cannot be the s-minimal set we are looking for. 

Now the idea is that, in order to compensate the contribution coming from 
outside Bi+g (which is the same for every competitor), our set E has to bend 
near 0, becoming convex. 

However when 6 is very small this bending is not enough to compensate the 
other contribution and the set E has to stick to the half-ring Kg in order to 
satisfy the Euler-Lagrange equation. 


Ill 
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Appendix A 


Viscosity Solutions 


A.l Definitions and Basic Properties 

We recall the definition of viscosity solutions and some of their properties in the 
classical context of second order (degenerate) elliptic equations. For a complete 
introduction to the subject, see m- For a quick introduction see [2]. For more 
details, in particular regarding the regularity theory, see also [7]. 

We limit ourselves to the local theory, the general nonlocal case needing 
more technical assumptions, in particular because of the singularity of the ker¬ 
nels appearing in the operators. For the appropriate definitions and properties 
in the nonlocal framework see m- 

Anyway in the next chapter we will say something also about nonlocal viscosity 
solutions, but only in the case of the fractional laplacian. 

Consider a function 


F : K" X K X K" X S{n) —^ K, 

where S{n) denotes the space of symmetric n x n matrices, equipped with the 
usual order. We are looking for a solution to the PDF 

F{x, u, Vm, D^u) = 0. 

We suppose that F satisfies the following two conditions: 

t<s => F{x,t,p, X) < F(x, s,p, X), (A.l) 

i.e. F is proper, and 

y<A Fix,t,p,X)<Fix,t,p,Y), (A.2) 

i.e. F is degenerate elliptic. 

Example A.l. The easiest example is that of degenerate elliptic linear equa¬ 
tions, i.e. PDF’s of the form 

- I] H ^ 

i.i ^ ^ i. ^ 
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where A{x) = {ai^j{x)} S S{n) and A{x) > 0. The corresponding F is then 

F{x, t,p, X) := —\,va.ce[A{x)X) + b{x) ■ p + c{x)t — f{x), 

and the condition A{x) > 0 guarantees that F is degenerate elliptic. In order 
for F to be proper we must require c(x) > 0. 

If there exist constants A, A > 0 s.t. AJ„ < A(x) < A/„ for all x, where In is 
the identity matrix, we say as usual that F is uniformly elliptic. 

Example A.2. A second example, more interesting for us, is that of quasilinear 
elliptic equations in divergence form 

—div(a(a:, Vu)) + b{x, u, Xu) = 0. 

The usual notion of ellipticity for such an equation is the monotonicity of the 
vector field a{x,p) in p as a mapping a{x, •) : K” —>■ M", i.e. 

{a{x,p) — a{x,p')) ■ {p — p') > 0, for every p ^ p' £ K”. 


Supposing we have enough regularity to carry out the differentiation, we can 
rewrite the equation in nondivergence form as 




d^u 

dxidx. 


dtti 


+ b{x, u, Xu) — Xu) = 0 

OXi 


and hence 


da 

F{x, t,p, X) = —trace{Dpa{x,p)X) + b{x, t,p) — ^ —A(a:,p). 

oxi 

I 

The monotonicity of a in p guarantees that F is degenerate elliptic and if we 
ask b to be nondecreasing in t then F is also proper. 

The particular case we are interested in is the minimal surface equation (1.201, 
which is given by 


a{x,p) = 


P 


x/TTW’ 

and hence, carrying out the calculation, 

1 


F{x,t,P,X) = - 


\/l + \P\- 


=trace(A) 


6 = 0 , 


(i + |p|2)i 


trace((p (8)p)A). 


We remark that another important example belonging to this class is the so 
called m-Laplace equation 

—divdVul^^^Vu) = 0, mG(l,oo). 

For much more examples see m- 


Before giving the definition of viscosity solution, we show where it comes 
from. Suppose F is proper, degenerate elliptic and suppose also it is continuous. 
Suppose we already have a classical subsolution of E = 0, i.e. u G C^(]R") s.t. 

F{x, u{x), Xu{x), D‘^u{x)) < 0 for every x G K”. 
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Now, if we have a function tp € C'^(K"') s.t. Xq is a local maximum for u — (p, 
then from calculus we know that Vu(xo) = Vp(xo) and D^u(xo) < D^p{xo). 
Therefore by degenerate ellipticity 

F{xo,u{xo),\7p{xo),D‘^p{xo)) < F{xo,u{xo),\7u{xo), D'^u{xo)) < 0 . 

Notice that the first term in the inequality does not depend on any derivative 
of u. This suggests the following definition of viscosity solution, based on an 
appropriate class of test functions. For simplicity we restrict to open sets; for 
the general definitions see m 

Definition A. 3. Suppose F is proper and degenerate elliptic and let il C K" 
be open. A viscosity subsolution of F’ = 0 on is an upper semicontinuous 
function u : K s.t. 

F{xo,u{xo),Vp{xo),D'^p{xo)) < 0 , 

for every Xq S and every p G C'^(n) s.t. Xq is a local maximum for u — p. 

In the same way, a viscosity supersolution of F’ = 0 on is a lower semicon¬ 
tinuous function u : — > K s.t. 

F{xo,u{xo),Vp{xo),D'^p{xo)) > 0, 

for every Xq S and every p G (7^(11) s.t. xq is a local minimum for u — p. 

A function u : 17 —>■ K is a viscosity solution of F = 0 if it is both a viscosity 
subsolution and supersolution. 

Notice in particular that a viscosity solution, being both upper and lower 
semicontinuous, is continuous. 

Since only the derivatives of p are involved, we can assume that the local 
maximum (minimum) of u — (/? is 0, i.e. that 

u(xo) = p{xo). 

Moreover, up to considering a perturbation of p, it is not restrictive to suppose 
the maximum (minimum) to be strict, i.e. 

u(x) < p{x) {u{x) > p(x) respectively), 

for every x ^ xq in a neighborhood of xq . 

From the geometric point of view this means that the graph of p touches the 
graph of u from above (below) at xq and that (xo,it(xo)) is the only contact 
point (in a neighborhood). 

Exploiting Taylor expansions we can give equivalent definitions based on the 
notions of subjets and superjets. Roughly speaking, instead of taking general 
tangent graphs, we can restrict ourselves to (small perturbations of) tangent 
paraboloids. 

Definition A. 4. Let 17 be an open set and let u : 17 —>■ K be upper semicon¬ 
tinuous. The second order superjet of it at xq S 17 is the collection Jq'^u{xo) of 
all pairs {p,X) € M” x S{n) s.t. 

ll(x) < ll(xo) -I- (p, X - Xq) + “ Xo),X - Xq) -|- o(|x - Xq^), aS X Xq. 
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In the same way we can define the second order subjet Jq~u{xo) of a lower 
semicontinuous function u, as the collection of pairs {p,X) G M" x S{n) which 
satisfy the opposite inequality. 

Notice that since this is a local notion and we are considering only open sets 
n, the subjet and the superjet do not really depend on fl. 

Remark A.5. It is clear that u is twice differentiable at xq if and only if 
J^u(xq) := J^’+w(a;o) H J^'~u{xo) is nonempty, in which case 

j'^u{xo) = {(Vu(xo),£>^u(xo))}. 

It is easy to verify the following 

Proposition A.6. Let LI be an open set and let u : LI — > M he an upper 
semicontinuous function. Then u is a viscosity subsolution of F = 0 if and only 

if 

F{x,u(x),p, X) < 0 for all x G LI and {p, X) G Jq^u{x). 
Similarly for viscosity supersolutions. 

One of the basic existence theorems for viscosity solutions is based on Per¬ 
ron’s method. 

Theorem A.7 (Perron). Let f, g be respectively a subsolution and a superso¬ 
lution of F = 0 in an open set LI, s.t. 

fix) < gix), fix) > —oo, gix) <00 \lx gLL. 

Then there exists a viscosity solution u of F = 0 in LI satisfying 

fix) < uix) < gix) Vx € LI. 

An important observation for the proof is that the sup of any family of vis¬ 
cosity subsolutions is again a viscosity subsolution (wherever it is finite). 


Remark A.8. Under some additional assumptions on F, namely 

lit — s) < Fix, t,p, X) — Fix, s,p, X) for t>s, 

and an appropriate growth condition with respect to p (for the details see the 
[User’s Guide]) it is possible to prove a comparison principle. 

Let U be a bounded open set. Let u be a subsolution of U = 0, upper semicon¬ 
tinuous in LI, and u be a supersolution, lower semicontinuous in U. If u < u on 
dLl, then u < v on LI. 

In particular, when F satisfies this comparison principle, if we impose some 
boundary condition w = f on dLl, then if u is a viscosity subsolution and u is a 
viscosity supersolution, we have u <v. 
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A.2 Harnack Inequality 


We conclude this chapter by stating a regularity result for a class of fully non¬ 
linear elliptic equations. For the proof see [32] • 

We consider 

F : Bi X R X X S{n) —> M 

degenerate elliptic and satisfying the following hypothesis for \p\ < S, |t| < S 


(1) F{x,t,p, •) is uniformly elliptic in a ^-neighborhood of the origin, with 
ellipticity constants A > A > 0 i.e. 

\\Y\< F{xXp.X) - F{xXp.X + Y) < K\Yl if F > 0, |X|, |F| < 

(2) constants are solutions oi F = 0, i.e. 

F{x, t, 0,0) = 0, 

and F is Lipschitz in p 

\F{x,t,p,X) - F{x,t,p',X)\ < L\p-p'\, \X\, \p\, \p'\ < S. 

Remark A.9. Notice that the minimal surface equation satishes the above 
hypothesis. 


For such an F we can prove the following Harnack inequality for flat solutions 


Theorem A. 10 (Harnack Inequality). Let F be as above. There exist universal 
constants cq small and Cq large s.t., if u : Bi —> R is a viscosity solution of 
F = 0, with 

0 < u < Cod in Bi, 


then 


u < C'om(O) in Bi/ 2 . 


As a consequence we obtain that the oscillation of a flat solution decreases 
in the interior 


Corollary A.11. Let u be a viscosity solution of F = 0, with 


u{0)=0, < coA 


Then 


^ (1 “ i^)l|w|U”(Bi)> 

for some small universal constant b > 0. 

Adapting the technique used in the proofs, one can then obtain the theorems 
for the regularity of minimal surfaces stated at the end of Chapter 1. 


Assume F to be more regular, i.e. F G with \D'^F\ < K in a 6- 
neighborhood of the set {(a;, 0,0, 0) | a: S Hi} and suppose that instead of (2) F 
satisfies 


(3) 0 is a solution of F = 0, i.e. F{x, 0, 0, 0) = 0. 
Then we can prove the following regularity result 
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Theorem A.12. There exists a constant Ci (depending on F) s.t. if u is a 
viscosity solution of F = 0, with 

||m||l~(Bi) < Cl, 

then u € C'^’°‘(Fi/ 2 )r o-'nd 

I|m||c2.<»(Bi/2) < d. 
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Appendix B 

Fractional Laplacian 


B.l Definitions 


For all the details we remand to the m and the references cited therein. 
There are several equivalent ways to define the fractional Laplacian. 

Definition B.l. Let s G (0,1). For any u G 
of u in a; is defined as 


(-A)^u(x) := C(n,s)P.V. [ 

JR 

where the constant C(n, s) is defined as 


), the s-fractional Laplacian 
u{x) - u{y) 


X — ?/|"+2s 

1 - cos(Ci) 


dy, 


(B.l) 




-1 


Notice that, for every 5 > 0 we have 
f \u{x)-u{y)\ 


|(^|n+2s 

dy < 2||u||L=o(Hr.) 


\x-y\^+^^ 
for every s G (0,1). On the other hand 

|ri(a;) - u{y)\ < C\x - y\ 

so that, if s G (0,1/2), 




dy < oo, 


|M(a;) - u{y)\ 


'Bs{x) 




Therefore there is no real need to consider the principal value for s G (0,1/2). 

We can rewrite the singular integral as a weighted second order differential 
quotient, exploiting the symmetry of the kernel. 


Proposition B.2. Let s G (0,1). For any u G S(R") 

u(x + y) + u{x — y) — 2u{x) 


i-Ayu{x) = -^C{n,s) [ 
for every x € 


\y\ 


n+2s 


dy, 
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Notice that there is no need to take the principal value in the right hand 
side, since for every s € (0,1) 

lujx + y)+ u{x -y)- 2u{x)\ ^ 

|y|n+2s — |y|n+2s —2 ’ 

which is integrable near 0. 

The fractional Laplacian (—A)® can be equivalently defined using the Fourier 
transform T, as a pseudo-differential operator of symbol 

Proposition B.3. Let s G (0,1) and let (—A)® : 5(M”) — he the 
fractional Laplacian operator defined above. Then for any u G 5(K"), 

(-A)®« = J-i(|eP®(J-u)). 

The constant C (n, s) was defined in such a way that there is no constant 
appearing in the above equality. 

Another interesting observation is the following 

Proposition B.4. Let s G (0,1). For every u G i/®(M”) 

JK" 


As a consequence we get 

Proposition B.5. Let s G (0,1). For every u G i/®(M”), 

Mh=(R") = 2(7(77.,s) ^||(—A)2 m|||2(r„). (B.2) 

Proof. Using the Plancherel formula we get 

||(—A)2u|||2(]i{t,) = ||J^(—A)2u|||2(r„p 

and hence 

ll(—A)2 'u|||2(r,>) = II |^|*7^M|li2(R..) = 2 ^(^’'^)Mh=(R")' 

□ 

In particular this implies that the operator in the Euler-Lagrange equation 
for the minimization of the i7® seminorm is the |-fractional Laplacian. 


In order for the fractional Laplacian to be well defined in some point Xq, 
we can weaken the requests on the function u : M" —> M in such a way that 
we still have integrability away from xq, and ask u to be regular enough in a 
neighborhood of xq. For example, notice that the condition 


\u{y)\ 

(l + li/P)^ 


dy < oo, 


guarantees that for every xq G M" 


f |M(a;o) - u{y)\ 

lcBs(xo) 


dy < oo, 
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for every 5 > 0. 

Therefore if u is in some neighborhood of xq, then (—A)®m{xo) is well defined. 
Actually, it is enough to require u to be (7^'’+'^, if s e (0,1/2), or ( 7 i, 2 s-i+e^ 
s G [1/2,1), for some e > 0, in a neighborhood of xq- 

In any case it is proved in [35] that the fractional Laplacian (—A)® can be 
defined in the distributional sense for every function u in the weighted L^-space 


Ls := 



Hy)\ 

(i + |yP)^ 


■dy < oo 


(B.4) 


Remark B.6. Notice that when s > 1/2, the condition is satisfied in 

particular by functions u G that grow at infinity at most like 

for some a G (0,2s — 1). 


Remark B.7. We also remark that Ls C 
Indeed, if fl is a bounded open set and u G Ls, then 


|u| dx = 


|u(a;)| 


In (1 + I^P) 2 

< max(l + / 

Ju 


(1 + 2 " dx 


n+23 f |w(a:)| 

(iTm^ 


- dx < oo. 


In |35j the following result is proved. 

Proposition B.8. Let s G (0,1) and let fl be an open set. If u G Ls is s.t. 
either 

uGC^^+^m, ^f s<^, 
or 

uGC^’^^-^+^n), if s>i, 

for some e > 0, then 

(-A)"u G C(fl). 


For more details about the regularity of {—A)^u see [35] . 


B.2 Liouville-type Theorem 

In this section we show that if u is a viscosity solution of the equation 

{—Ayu = 0, in Bi, 

in the sense explained below, with s > 1/2, and if u grows at infinity at most 
like then it is linear. 

Remark B.9. Notice that if u{xo) = v{xo) and u < ?; on K" \ {xq}, then 
(—A)'’M(a;o) > (—A)®u(a;o), provided these are well defined. 

In particular, if {—A)^u{xo) < f{xo), then {—A)^v{xo) < f{xo) for every regular 
enough v touching u from above at xq. 

The above remark motivates the following definition of viscosity solution in 
an open set LI. 
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Definition B.IO. Let s € (0,1). A function u : K" —^ M, s.t. u G and u 
is upper (lower) semicontinuous in fl, is a viscosity subsolution (supersolution) 
to (—A)® = / if for every x G ft and every if G touching u from above 

(below) at x in some neighborhood of x in 17, i.e. 

(p{x) = u(x) and ip(y) > u{y) {(p{y) < u{y)), Vy G N \ {x}, 


then if we define 

r f, in A, 

( u, in CN, 

we have 

(-A)®?;(a;) < f{x) ((-A)®u(x) > f{x)). 

The function u is a viscosity solution of (—A)®u = / if it is both a subsolution 
and a supersolution. 


The following Lemma shows in particular that the existence of a tangent 
regular function to a subsolution (supersolution) u, in some point x is enough 
to guarantee that {—A)u{x) is well defined. 

Lemma B.ll. Let s G (0,1) and let u be a viscosity subsolution to (— A)®m = / 
in 17. If ip is a function touching u from above at x G ft, then (—A)®u(a:) is 
well defined and 

{-Ayu{x) < f{x). 

Similarly for viscosity supersolutions. 

The proof can be found for more general operators in la¬ 
in particular this Lemma and Remark |i3.9| give the following 

Proposition B.12. Let s G (0,1). Let u G Lg be upper semicontinuous in 17. 
Then u is a viscosity subsolution of (—A)®u = f in fl if and only if (—A)‘‘u{x) 
is defined and 

(-Ayu(x) < f{x), 

in every point x G where u admits a tangent function by above. 

Similarly for viscosity supersolutions. 

In la it is also proved that if it is a bounded function s.t. 


(-A)®u = / in 


in the viscosity sense, then 

I|w||c2.^(Bi/2) < C (||/||ci.i(Si) + I|w||l°°(R’*)) ) (B.5) 

for 7 , C depending only on n and s. 

Theorem B.13. Let s > 1/2, and assume 

|w(a:)| < 1 + 0 < a < 2s — 1, 

and 

(-A)®it = 0 otK” 

in the viscosity sense. Then u is linear. 
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Proof. If we cut u, defining 

V := UXB2, 

then V satisfies in the viscosity sense the equation 

{-Ayv = f ini?i, 
where the function / is defined as 
f u(y^ 

^ Jcb2 |x - ^ ^ ■ 

Notice that / is smooth in - 63 / 2 - Therefore, exploiting our growth hypothesis 
on u, we have 

ll/llci.i(_Bi), ||'y||L~(R") < Ca, 

and hence, since u = v in B 1 / 2 , we deduce from (B.5) 

Notice that the rescaled functions Ufi, 

u{Rx) 


ur{x) := 


i?i+° 


i? > 1 , 


still satisfy the equation 

{-AYur = 0 

in the viscosity sense. Moreover 


\ur{x)\ < 


l + i?i+“|a;|i+° 
i?i+“ 


< 1 + lx 


1 +a 


Vx S 


so that Ur satisfies the same hypothesis as u for every R > 1. 

In paticular we get the same estimate as above, 

I|u_r||cC1(Bi/2) < Ca, 

for all i? > 1. This gives 

|Vu(i?x) - Vu(0)| = R°^\Wur{x) - VUfi(0)| < C'„i?“|x| = CaR°'~^\Rx\, 

if |x| < 1/2, which implies that Vu(xo) = Vu(0) for every xq € K". 

Indeed, if |xo| < 1/2, then |^| < i for every i? > I and 

|Vu(xo) - Vu(0)| = - Vu(0) < CaR°‘~^\xo\, 

which tends to 0 as i? —)■ 00 . On the other hand, if |xo| > 1/2, then 

Xo 


r2|xo| 


< -, for every r > 1 , 


and 


|Vu(xo) — Vu(0)| = 




<C'„( 2 r|xo|r-'|xo|, 


which again tends to 0 as r —)■ 00 . 


□ 
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Appendix C 

Distance Function 


We briefly recall the main properties of the (signed) distance function. For the 
details we refer to [2] and |3]. 

Definition C.l. Let 0 ^ if C K". We define the distance function from E 

dsix) = d{x,E) •= mi \x — y\, for a: S K". (C.l) 

yeE 

The signed distance function from dE, negative inside E, is then defined as 

dE{x) = d{x, E) := d{x, E) — d{x, CE). (C.2) 


We begin with some easy remarks. 

(1) We have 

d{x, E) = d{x, E), for every x S K", 


so we may as well assume the set E to be closed. 

In particular 

if = {a; G K" I d{x, if) = 0} = {de = 0}. 

Moreover 

d{x, E) = d{x,dE), for any a; ^ Int(if). 

(2) By definition 

d Iri = / -d-ix,dE), HxGE, 

’ \ d{x,dE), ifxeCE, 


and hence in particular 


(C.3) 


d{x,CE) = —d{x,E) for every a; G M". 

Moreover 

E = {(Ie < 0}, and dE = {(Ie = 0}. 

(3) If F; C i^, then 

dE{x) > dF{x), for every a: G K". 

(4) The functions dE and dE are Lipschitz continuous, with constant < 1. 
In particular by Rademacher’s Theorem they are almost everywhere differen¬ 
tiable in K", with iVd^;! < 1 and iVd^;! < 1, wherever they are defined. 

To be more precise we have 
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Theorem C.2 (Differentiability of Distance). Let % ^ E CL M" he a closed set 
and let x G CE. The distance function dE is differentiable at x if and only if 
there exists a unique y C E s.t. dE{x) = \x — y\. In this case 


S/dE{x) = 

\x - y\ 


x-y 

dE^x) 


In particular, |Vd£;| = 1 at any differentiable point of CE. 


(C.4) 


Proof. Suppose dE is differentiable at x and let y C E be any least distance 
point i.e. dE{x) = \x — y\. Fix any z G M"; then 


dE{x + ez) = dsix) + eVdE{x) ■ z + o(e), 


as e —>■ 0, and hence squaring we get 

d%{x + ez) > d\{x) + 2edE{x)'\/dE{x) ■ z + o(e). 


Moreover, since y C E, 

d%{x + ez) < \x + ez — y\^ = d%{x) + 2e(x — y) ■ z + o(e). 
Since these hold for every z G M", we get 

dE{x)VdE{x) =x-y, 


and hence in particular 

y = X- dE{x)V dE{x) 


is uniquely determined. 

■4=) This implication is more complicated. We briefly sketch the idea. 

First of all it can be shown that is a locally semiconcave function in the open 
set CE, meaning that for every open set id CC CE there exists some constant 
C > 0 s.t. the function 


dE{x) - ^\x\^ 


is concave in Cl. Now we consider the first order super jet at a point x G CE, 


J^^''~dE{x) := {p G K” I dE{y) < dE{x) + p ■ {y - x) + o{\y - a;|)}. 


Since ds is locally semiconcave in CE, it can be shown that J^’^dE{x) ^ 0 for 
every x G CE, and we can represent the first order super jet as the closed convex 
hull of the set 

V*d£;(a:) := |p G M” |p = lim S/dE{xk), Xk -t x|, 

L k^oo J 


of reachable gradients. In particular dE is differentiable in a point x G CE if 
and only if X’'^dE{x) is a singleton. 

We argue by contradiction. 

If we suppose that dE is not differentiable in a; G CE, then there exist 
Pi 7 ^ P 2 G J^'^dE{x) and we can find two sequences {xU/ceN C CE, i = 1, 2, 
both converging to x, and s.t. ds is differentiable in every x\, with 

Pi = lim Vd£;(xfc), for z = 1, 2. 

k—¥oo 
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Now we define 


Vk ■= 4 - dE{.xl)Vdsixl) e E, 
the least distance point from x\ (see above). Then 

lim yl=x- dE{x)pi =: y\ for i = 1, 2, 

k—^oo 

and, since pi ^ P 2 , we have ^ 'iP■ 

Using what we proved above we know that \\/dE{xl)\ = 1 and hence also 
\pi\ = 1. Therefore 

dE{x) = \x - y'^\, for i = 1 , 2 . 

Moreover, since y], £ E and E is closed, also y* G E. 

We have thus found two distinct least distance point for x, concluding the proof. 

□ 

Clearly, by definition of we have a similar result for the signed distance 
function in the complementary of dE. 

Remark C.3. We have showed in the proof that if dE is differentiable in a; G 
CE, then the nearest point on E is 

y = X - dE{,x)VdE{x). 

Moreover, using the triangle inequality, we can show that y is the unique nearest 
point for every z G S \ {y}, where S is the segment joining x to y. In particular 
dE is differentiable in every such z and VdE{z) = "S/dEix). 

The smoothness of the boundary dE and of the signed distance function dE 
are strictly related. We denote 

Np{dE) := {-p <dE < p}, 

the open tubular /o-neighborhood of dE. 

If for some p > 0 we have (Ie G C^{Np{dE)), with k>2, then, since |Vd£;| = 1, 
the Constant Rank Theorem implies that dE = {dE = 0} is a surface. 

On the other hand we have 

Theorem C.4 (Regularity of Signed Distance). Let D C K" be a bounded open 
set with boundary, for some 2 < k < oo. Then dn G C^{Np{dil)), for some 
p > 0. Moreover the outer unit normal to D is given by Vdo. 

Proof. The proof (see [55]) is done using Dini’s implicit function Theorem. 

We explain the argument. 

Our hypothesis on guarantee that dLl satisfies a uniform interior and 
exterior ball condition, meaning that for every yg G dLl there exist two balls 
Bi, B 2 depending on yg s.t. Bi C CD = {yg} and R 2 C D = {yg}, with the 
radii of the balls bounded from below by a constant, say p > 0 (which does not 
depend on yg). 

As a consequence, for every point x G Np(dLl) there exists a unique point 
y = y{x) G dn of minimal distance, i.e. with d{x,dTl) = jcc — y|, and these 
points are related by the equation 

X = y{x) + dQ{x)iyn{y{x)). (C.5) 
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Moreover previous Theorem implies that da is differentiable in Np{dn)\dil and 

y{x) = X - da{x)Vda{x). (C.6) 

If we show that y is a function of x, then we have for every x € Np{dVl)\dQ, 

VJn(x) = va{y{x)), 

which is a function, and hence da G C'^{Np{did) \ dfl). 

To be more precise (and to get the regularity in the whole of Np{dn)), we 
consider a point yo G dV, and the function defined by 

$ : {Bs{yo) n dfl) x M —M", <I)(a;, a) := x + a i^a{x), 

which is easily seen to be locally invertible in (yo,0). Then one relates the 
inverse function 

: Ba{yo) C y ^ (Brivo) n dfl) x (-r, r), = {y{x), a{x)), 

with the distance function, showing that y{x) is the minimal distance point 
from X and a{x) = da{x). Since the function is (7*“^, also da = a is 
in Baiyo) and the argument above shows that it actually is C^. Using the 
compactness of dVl we conclude the proof. 

□ 

Before showing an immediate Corollary, which allows us to characterize 
bounded open sets with regular boundary equivalently in terms of the distance 
function or as superlevel sets, we recall the following consequence of the smooth 
Urysohn’s Lemma 

Theorem C.5. Let if C ffi" 6e o compact set and let [/ C ffi" 6e an open set 
s.t. K CU. Then 3f G with 0 < / < 1, /|^ = 1 and supp f C U. 

Corollary C.6. Let LI C M" be a hounded open set and let k > 2. The following 
are equivalent: 

(i) dfl is a -hypersurface (without boundary), 

(a) > 0 s.t. da G C’‘{Np{dLl)), 

(Hi) G Cf (M”) s.t. 

= {(/?> 1 / 2 }, dLl = {lp = 1/2}, 

and 

7 ^ 0 in {1/8 < v? < 7/8}. 

Proof. We have already showed (i) (ii) and (Hi) ^ (i) is an immediate 
consequence of the constant rank Theorem. 

We only need to prove the implication (ii) ^ (Hi). 

Suppose G C^{N 2 p{dn)). Then Whitney’s extension Theorem guarantees 
that there exists a function G s.t. if = —da in the closed tubular 

neighborhood Np{dLl) = {—p < da < p} and = 1 in {da < —3p} C Ll. 

We need to check that ip stays strictly above 0 in the strip {—3p < da < —p}- 
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Suppose it doesn’t and define K := {ip < 0} Cl ft, which is compact, and let 
/3 := min/f ip < 0. 

Since ip is continuous, we have by construction 

K c {—3/9 + 5 < da < —p — 5} =•. U, 


for some J > 0 small. 

Using Theorem |C.5| we can add a bump function to ip to ensure it stays strictly 
above 0 inside ft. Indeed there exists a smooth function b : K" —^ [0, |/3| + 1] 
s.t. 6 = |/3| + 1 in K, and supp ip C U. 

Then ip := ip + b G (7^(11") is s.t. ip = —da in Np{dQ) and ■0 > 0 in U. 

Now let (p{x) := c{x)[^ip{x) + |), where c is a smooth cutoff funtion s.t. 
c = 1 in {da < 2p}, 0 < c < 1, and supp c C {Jn < 3p}. 

Eventually adding a bump function supported in {p < da < 3 / 9 }, we have <p < \ 
in Cn \ dfl. 

Then ip G with (p = --^da + 5 in 

{1/8 <p< 7/8} = {-p <da< p}, 
so that V(p 0 0 there, and 

n = {p>l/2}, dn = {p = l/2}, 

by construction, as wanted. 

□ 
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